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Abstract--According to the coding theory of pattern perception, the preferred organization of a pattern is 
reflected by the simplest code that represents this pattern. The number of codes, out of which the simplest one 
has to be selected, grows exponentially with the complexity of the pattern. So in computer simulation it 
would not be wise to generate all codes and then select the simplest one. This would take a lot of computing 
time. The present study proposes a procedure which avoids this explosion of code generation and yet obtains 
the simplest code. The central part of this procedure consists of translating the search for a simplest code to a 
shortest route problem. 
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I N T R O D U C T I O N  

Patterns can be interpreted in different ways, but 
usually one interpretation is preferred. By several 
scientists this preferred interpretation is regarded as 
the most regular organization of the pattern." 31 In 
most models of pattern coding this preferred organiz- 
ation is specified as the one that is attained with a 
minimum of procedural steps34-61 However,  there is 
evidence from perception research that in perception 
this preference is not based on the process itself, but on 
the final outcome of this process. Independent  of the 
way in which a description is determined, the visual 
system tends towards the most probable pattern 
description,C7 9~ or towards the simplest pattern de- 
scription/m 13~ The concept of"simplici ty"  pertains to 
the structural information approach ~1.1 and is used 
here as the starting point. On the one hand, this 
concept might be perceptually relevant, but on the 
other  hand, it seems to require a very laborious process 
to find the simplest pattern description. According to a 
naive process model, all codes of a pattern have to be 
constructed before the simplest one can be selected. As 
will be shown later, the amount  of all such codes 
increases dramatically with the pattern complexity. 
The aim of this paper is to show that this explosion can 
be largely reduced to a manageable size and that 
therefore "'representational simplicity" is a realistic 
criterion for the preferred pattern organization. 

The structural information approach provides a 
model which is the starting point of the present study. 

*This research was supported by the Netherlands 
Organization for the Advancement of Pure Research 
IZ.W.O.I. 

First we will give an overview of this model as far as it 
is relevant to our  present work. The model only 
concerns the perceptual representation of patterns, not 
the process that leads to such a representation. This 
process is considered as a black box in the total 
perceptual system. In the present work, we want to fill 
in this black box by proposing a procedure for the 
selection of a simplest code for a given pattern. This 
does not imply we think the real process works like this 
procedure, which only tries to simulate the final 
outcome of the process. But if the outcomes of the 
simulation are attained in an acceptable way (by 
avoiding explosive searches) and if they are in agree- 
ment with the outcomes of the real process, the 
simulation will be a support to the assumption about 
the perceptual system on which the structural inform- 
ation approach is based. 

S T R U C T U R A L  I N F O R M A T I O N  

The structural information approach deals with the 
perceptual organization of patterns. 115~ The organiz- 
ation of a pattern is reflected by a description or code 
of this pattern. However,  a pattern can be described by 
several codes. Although it ought to be possible to 
reconstruct the pattern from each code, these codes are 
not equivalent: some codes express more regularity in 
the pattern than other codes. In other words, some 
codes reflect a "simpler" organization than others. The 
core of the structural information model is that the 
code which reduces the pattern organization to its 
"simplest" form, reflects the preferred perceptual 
organization. This tendency is called the "'minimum 
principle". "6 '  1 ~ This is the general idea. In order to be 
more specific about the description of patterns we need 
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to discuss two levels of coding: the semantic and the 
syntactic level. 

Semantics: a linear sequence of symbols, say 'k a k a k 
a k a', may represent a musical structure such as 'do, re, 
do, re, do, re, do, re'. It also may represent a visual 
pattern such as a square {see Fig. 1). In the latter case 
the symbol sequence can be obtained by tracing the 
contour of the pattern while the symbols represent the 
subsequent angles and line lengths. 

The symbol sequence is called a "primitive code" and 
the symbols are called "primitive elements". In a" 
primitive code like the one above, one can clearly see 
certain regularities. But these regularities are not yet 
described in any way. This is where we enter the 
syntactic level, which is the main concern of this paper. 

Syntax: the structural information model provides 
syntactical rules to "simplify" primitive codes. For 
instance, consider the code 'a a a a a'; it consists of five 
equal elements. Intuitively, one tends to reduce this 
code by describing it by means of an iteration code 
such as '5 • (a)'. But what does "reduction" or "simplifi- 
cation" actually mean here? Considered as symbol 
sequences, both codes consist of five symbols, so in this 
sense the second code does not lead to reduction. 
However, there is a clear distinction between the two 
codes; for this we have to look at what the codes say 
themselves. The first code consists of five primitive 
elements, but says nothing about any relation between 
these elements. They could just as well have been five 
different elements and only a bystander can see that 
they are equal. The second code however refers 
explicitly to five equal elements and only needs one 
primitive element to say this. So the reduction takes 
place on the number of primitive elements. But again, 
does this reduction have any perceptual meaning? Its 
meaning is a consequence of the fact that the code 
explicitly expresses identity relations between primi- 
tive elements and thereby reflects regularities in the 
original pattern. An alternative for the second code 
could be "a 3*(a) a', but this code expresses less 
regularity than '5 * (a)'. So the "'simplest" or "most 
regular" organization of a pattern is reflected by a code 
which expresses the most identity relations between 
primitive elements. As we have seen above, expressing 
such a relation leads to a reduction of the number of 
primitive elements in the code, which number is called 
the parameter load p.(12~ Therefore the preferred 
organization of a pattern is reflected by a code with 

square primitive code 

F 

--> 

"k ak ak ak a' 

Fig. 1. Semantic coding. 

pattern classification 

primitive code ~ minimal code 

I 
ENCODING 

• . Fig. 2. Structural information model. 

minimal parameter load. In Fig. 2 an overview is given 
of the entire concept; the "encoding" will be the main 
topic of this paper. 

In the structural information model, identity rel- 
ations are expressed by means of "ISA-forms", where 
"ISA" stands for Iteration, Symmetry and Alternation. 
With these ISA-forms we can formulate reduction 
rules. 

Examples: 

I-form: 4 • (a) ~ a a a a 

S-form: S[(a) (b)] ¢~, ab ba 

A-form: <(a)>/<(b)(c)> ,~  ab ac. 

The use of parentheses seems to be superfluous, but 
beside identities between single elements we also want 
to be able to express identities between groups of 
elements. Parentheses are used to separate these 
groups and provide an unambiguous evaluation of the 
ISA-forms. Furthermore, Symmetry and Alternation 
can occur in two different forms. 

Examples: 

I-form: 3 * (ab) ,~  ab ab ab 

S-forms: S[(a) (bc) (d)] ,~  abc  d d be a 

S[(a) (b), (d)] ¢~ ab d ba 

A-forms: <(a)>/<(b) (cd) (e)> ¢~ ab acd ae 

<(a) (b))/<(cd)> .¢~ acd bcd. 

Note the difference between the two S-forms: in the 
second form 'd' does not belong to the symmetry part 
of the form. An A-form expresses the fact that the code 
can be divided into several subcodes which all begin or 
all end with the same element(s), dependent of the 
direction in which the code is scanned. 

An ISA-form not only generates a code, but also 
operates on a code. Consider for instance the S-f0rm 
'S[(ab) (c) (ab) (e)]', The argument of this form looks 
like a code 'x y x y' where x = (ab) and y = (e). Now 
the hierarchical structure of the code becomes visible: if 
the S-form itself represents the "lower" level of this 
structure, the argument code represents a higher 
hierarchical level. On this higher level the reduction 
rules from above can be applied anew, which yields a 
reduction of the argument code to '2 * (xy)'. So the 
total structure can be represented by 'S[2 • ((ab) (c))]'. 

A code which allows no further reduction is called 
art"end code". An end code covers the whole primitive 
code, but a primitive code itself may correspond to 
several end codes, whose parameter loads may be 
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different. Therefore an end code with minimal load P is 
called a "minimal end code". 

Example: 

Consider the primitive code "a b b a b b'. One end 
code is 'S[(a) (b)] 2 ,  (b)', which has three remaining 
parameters, so the parameter load is P = 3. Another 
end code is "2 * (a 2 ,  (b))', for which P = 2. This last 
one clearly is a minimal end code, since there is no 
other way to get more reduction. 

There is one point of discussion left. Consider the 
code "a b a c'. Two possible end codes are "((a)) / ( (b)  
(c))' and 'S[(a), (b)] c'. Although these end codes seem 
to be different, they both express the identity relation 
between the first and third element of the primitive 
code. In general, if two end codes (like the ones above) 
express the same identity structure, we will call these 
end codes "equivalent". To express this equivalence we 
use the concept of an "abstract code", tl 2~ An abstract 
code represents the identity structure as expressed by 
an end code. It is obtained as follows: firstly, replace all 
parameters in the end code by arbitrary but different 
symbols. This way, the two end codes above will 
transform to " ( ( x ) ) / ( ( y )  (z)) '  and to 'S[(p), (q)] r'. 
Secondly, evaluate these end codes, which yields the 
codes 'x y x z' and 'p q p r'; these are the so called 
abstract codes. They both have the same identity 
structure (first element equals third element). Hence, 
the two original end codes are equivalent. In this 
example the abstract codes have the same identity 
structure as the primitive code has, but there are many 
primitive codes whose total identity structure cannot  
be expressed by one end code. The number  of possible 
abstract codes is only a small fraction of the number  of 
possible primitive codes. ~18) So the ISA-forms suggest 
a constraint in the perception of identity structures. 
This constraint  is relevant: if every identity structure 
could be expressed by a code, the codes would not 
classify patterns in a meaningful way, since each 
pattern would form its own class. 

Example: 

Consider the code 'a b a b a a'. 
One possible end code is ' ( (a ) ) / (2 . (b) ) (a ) ) ' ,  which 
yields the abstract code "x y x y x z'. The end code 
"S[(a) (ba)]" yields 'p q r q r p', which has a different 
identity structure. Both end codes disregard one 
identity relation. In fact, there is no other end code 
which could express the complete identity structure 
of the original code. 

We would like to consider the structural information 
model as a black box, where only the input (primitive 
code) and the output  (abstract code) are relevant. So 
we do not necessarily want to differentiate between end 
codes, bur  rather between their abstract codes. 

A minimal end code was said to have a minimal 
parameter load. This load is equal to the number  of 
different elements in the corresponding abstract code, 
so it is correlated to the identity structure of abstract 

codes. Therefore it also provides a good criterion to 
differentiate between abstract codes. So an abstract 
code we are looking for, corresponds to a minimal end 
code. 

F rom the above it will be clear that the main goal of 
the structural information approach is to relate mini- 
mal end codes to a primitive code. This search for end 
codes is called the "encoding", on which we will 
concentrate in the remaining part of this paper. 

THE ENCODING 

If we want to build a computer simulation of the 
encoding process, it is important  to avoid an explosive 
computing time in finding a minimal end code. Other- 
wise it would not support the min imum principle as a 
realistic criterion for the preferred pattern organiz- 
ation. Explosive computing time means the computing 
time grows exponentially as a function of the number  
of elements in the primitive code. The structural 
information approach gives rise to two explosive 
searches. The first one concerns the A-form, on which 
we will go into detail when discussing the construction 
of ISA-forms. The main topic of this paper however is 
the other explosion. It concerns the number  of possible 
end codes even if that first explosive search concerning 
the A-form has been avoided. 

A naive way to search for a minimal end code would 
be to look for an ISA-form that describes a part of the 
primitive code, to substitute that form into the primi- 
tive code and to proceed the encoding with the 
resulting code. Figure 3 might make this point clear. 

Every edge in the graph of Fig. 3 corresponds to one 
subcode. This implies every route from vertex 0 to 
vertex 5 represents a part i t ioning of the primitive code 
into subcodes. In general, every route could yield an 
end code after the subcodes of that route have been 
encoded. The number  of routes in the graph of Fig. 3 is 
24, while in general for a code with length N [number of 
elements), this number  is 2 N- ~. This implies that if we 
generate all end codes and then select the best one, the 
number  of operations to be executed lies in the order of 
2 u operations. Each operation takes a fixed amount  of 
computing time, so the computing time of such a 
process lies in the order of 2 ~ ms. Using the notation 
"O(.)" to indicate the order of the computing time of a 

aa bab 

Fig. 3. Graph representing partitioning of a code into 
subcodes. 
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process, it means the computing time of such a naive 
process is o(2N). At the start of this section we argued 
that such a computing time is not acceptable. There- 
fore we have to find a method that only takes a 
polynomial computing time of O(N p) with 'p' a fixed 
number. 

Figure 3 gives a suitable framework to realize an 
acceptable encoding process. It involves the trans- 
lation of the search for a minimal end code to a shortest 
route problem, by which it is not necessary to generate 
completely all possible end codes while it is still 
possible to select a minimal one. In short, the trans- 
lation goes as follows. If we would know the minimal 
parameter load of each encoded subcode in Fig. 3, we 
could consider this load as the "length" of the corre- 
sponding edge. Then the "length" of a route from 
vertex 0 to vertex 5 would correspond to the load of a 
code that describes the whole primitive code. So a 
"shortest" route would correspond to a code with 
minimal load, i.e. a minimal end code. The solution of a 
shortest route problem only requires a polynbmial 
computing time. 

In general, several routes will correspond to the 
same minimal end code. However, only one of these 
routes will consist of edges, each of which represents 
just one element or just one ISA-form. Therefore, in 
order to make the translation possible, it suffices to 
find for each subcode the best way in which it can be 
described by just one ISA-form. A code of length N 
yields N , (N + 1)/2 subcodes varying from length 1 to 
length N. This is a convenient polynomial number to 
irivestigate each subcode separately. As we will see, this 
also requires just a polynomial computing time. 

The translation to a shortest route problem is 
crucial in avoiding an explosive search. Therefore we 
will deal with it in detail. But first we will discuss two 
topics concerning the algorithm. The first topic is the 
internal representation of codes, which will be a 
hierarchical representation. The second topic is the 
data structure for the storage of information about 
encoded structures and for a reference scheme to store 
identity relations between subcodes. These two aspects 
are not crucial in avoiding explosive searches, but they 
are important in that they constitute a formal frame- 
work in which it is easy to deal with codes and identity 
relations. 

REPRESENTATION OF CODES 

In the encoding algorithm, we need an operational 
representation of codes. Until now we have used linear 
representations. For a human being these are easily 
readable, but a computer rather deals with hierarchical 
structures. As was observed before, codes do have a 
hierarchical structure. We will elaborate this concept 
in this section. 

In order to attain a well defined hierarchical repres- 
entation of codes, we h.ave to describe their formal 
character. Therefore we will consider the following 
four aspects. 

(1) A code like 'a 2 * (b) c' is a code consisting of three 
elements: two primitive elements and one I-form. To 
avoid confusion, we reserve the name "'symbol'" for 
primitive elements and use the name '~atom" for code 
elements in general. So an atom can consist of a 
symbol, an ISA-form or a chunk (see below). 

(2) Consider the code C = 'p q r r p q'. This code C 
can be reduced to 'S[(pq)(r)]'. The argument of this S- 
form is a code, consisting of two elements: "(pq)' and 
'(r)'. But beside being elements of this argument code, 
these atoms also contain subcodes of the code C. Such 
atoms we will call "chunks". In simple words: every 
part of a code that is placed between parentheses is a 
chunk. 

(3) We made a distinction between a chunk as a 
code element and the subcode which is contained in 
this chunk. This subcode has its own code structure, 
which means it can consist of a code, or of only one 
symbol, or of one ISA-form, or even of one chunk. For 
instance, the I-form in 'S{'(a) 2 • (b))]' has the argument 
'((b))', which is a chunk that contains an element '(b)' 
and this element itself is a chunk that contains a 
symbol. 

(4) If we consider an l-form, like '3 * (ill)', we observe 
that the argument of such a form always consists of 
only one chunk. The argument of an S-form like "S[(ab) 
(c) (d)]' is a code consisting of several chunks. An S-form 
like 'S[(a) (bc), (def)]' contains two arguments: the first 
again is a code consisting of several chunks, while the 
second always is just one chunk. An A-form, like 
'((a))/((bc) (d))' or '((1") (g))/((de))', also has two 
arguments, one of which always is just one chunk, 
while the other again is a code consisting of several 
chunks. 

Summarizing, we can describe the structure of codes 
by means of five types of structure elements, which are: 

(1) CODE: ATOM sequence. 

(2) ATOM: CODE element of type SYMBOL, 
CHUNK or ISA-form. 

(3) SYMBOL: primitive element. 

(4) CHUNK: element of an argument code; its 
content is of type CODE, SYMBOL, 
CHUNK or ISA-form. 

(5) ISA-form: one of the following forms: 

I-form --* 'n • CHUNK'  
S-form --, 'S[CODE]" 

or 'S[CODE, CHUNK] '  
A-form ~ ' (CHUNK) / (CODE)"  

or " (CODE)/ (CHUNK) ' .  

With these structure elements we can describe hierar- 
chical representations of codes (see Fig. 4). 

In the linear representation, the use of parentheses 
provides an unambiguous evaluation of codes; in the 
hierarchical representation this is provided by the use 
of CHUNKS. So the mapping from the hierarchical to 
the linear representation is straightforward. 
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Linear code: S[ (ab) 2*((d) (e)) ] 

Hierarchical structure: 

S-form " S[. ] ' 

CODE = ATOM 

CHUNK 
"(.), 

CODE = ATOM--ATOM 

SYMBOL SYMBOL 
" a '  " b '  

ATOM 
I 

I-f~m "2". ' 

CHUNK 
" ( . ) ,  

CODE : ATOM--ATOM 

CHUNK CHUNK 
" ( . ) .  " ( . ) ,  

S Y ~ L S Y ~ O L  
-d I ,et 

Fig. 4. Hierarchical representation of a linear code. 

D A T A  S T R U C T U R E  

Before the encoding starts, all possible identity 
relations between subcodes are gathered in a reference 
scheme. This facilitates the search for ISA-forms and 
prevents the double encoding of equal subcodes. In 
setting up the scheme, the subcodes are compared in 
order of growing length. This way the relations 
between smaller subcodes can be used while compar-  
ing larger subcodes. It implies that the computing time 
for the reference scheme is O(N3). 

Note: if a subcode has the same elements as another  
subcode, but exactly in the reversed order, these two 
subcodes can be described by the same encoding rules; 
therefore such a reversal relation too is stored in the 
reference scheme, though we will not mention it any 
further. 

In Fig. 5 an overview is given of the data structure as 
used in the algorithm. 

! 
index 
of 

f i rs t  
element 

SY MBOL~/ 
P:I ~ 

SYMBOL~ 
p:l 

5 

LeTlgth 09 sabcode 

2 .5 ~ 5 

J r ~ f e r e n c e  
type 
!oad 

CODE I-form 

l-form "2'CHUNK' 

SYMBOL " a ' SYMBOL "b ' 

Fig. 5. Data structure with reference scheme for code 
"aahah'.  

Each matrix cell represents one subcode: the indices 
are the code index of the first element of the subcode 
and the length of the subcode. Firstly. each cell 
contains a reference pointer which is part of the 
reference scheme. By means of this pointer, each 
subcode gets a reference to the first equal subcode. A 
subcode that has no previous equal subcode, gets a 
reference to itself. As a consequence of this reference 
scheme, the following principle is possible throughout  
the entire algorithm: equal parts of a code have a 
reference to physically the same place. This implies 
that identity relations are transferred almost by them- 
selves to other hierarchical levels. Suppose an argu- 
ment code of an S- or A-form contains two equal 
chunks, i.e. both chunks contain an equal subcode. 
Because of the reference scheme, both subcodes have a 
reference pointer to the same place. So. to determine 
whether the two chunks are equal, it suffices to look 
whether those reference pointers point to the same 
place and one does not have to compare the entire 
structure of both subcodes. Moreover,  this structure 
only has to be stored once. 

Furthermore,  each matrix cell contains data fields 
' type' and ' load'  to store information about the 
structure of the subcode after it has been investigated. 

Finally, each cell contains a pointer to that encoded 
structure. For  instance, in Fig. 5, investigation of 
subcode 'abab" yields it can be described by ' 2 ,  (abt'. 
The matrix cell corresponding to this subcode (first 
index 2, length 4) gets: ' type = I-form" and 'load = 2', 
while its structure pointer points to the place where the 
I-form is stored. The argument of the I-form is a chunk, 
which contains the subcode "ab'. Therefore we can refer 
to the corresponding matrix cell (first index 2, length 2), 
so the structure o f ' ab '  need not be stored again. 

Now that we have established a formal framework 
to deal with codes and identity relations, we can focus 
on the translation of the search for a minimal end code 
to a shortest route problem. First we will discuss the 
investigation of each subcode separately and then we 
will explain the shortest route method. 

THE INVESTIGATION OF THE SUBCODES 

The investigation of each subcode separately pro- 
ceeds as follows. As argued before, it suffices to look for 
a best covering ISA-form, i.e. one form that describes 
the whole subcode with a minimal number of par- 
ameters (we will deal with this in a momentl. However, 
we also look at whether the subcode might be de- 
scribed better by a composit ion of smaller subcodes, 
which already have been encoded for we investigate 
the subcodes in order of growing length. If such a 
better composit ion exists, it is chosen instead of the 
best covering ISA-form. Though this is not essential to 
the shortest route method, it is necessary, for the 
subcode might appear in a chunk on a higher hierarch- 
ical level and then we have to know its minimal load 
(the encoding of argument codes on higher levels is 
executed the same way as the primitive code is; we will 
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return to this at the end of this section). The method to 
obtain a minimal composition for a subcode is the 
same as used for the selection of a minimal end code for 
the whole code, namely by applying shortest route 
techniques. This will be explained in the next section. 
As we will see the shortest route method takes a 
computing time of O(k 2) for a code or subcode of 
length 'k'. 

In searching for a best covering ISA-form, we 
observe the following aspect. If a subcode can be 
described by a covering I-form, it can be described too 
by an S- or A-form. 

Example: 

(1) Subcode a b a b a b (2) Subcode a b a a b a 
I-form 3 * (ab) I-form 2 * (S[(a), (b)]) 
S-form S[(ab), (ab)] S-form S[S[((a)), ((b))]] 
A-form ((a) ) / (3  • ((b))) A-form ( (a) ) / (2  • ((ba))). 

What we see in this example, holds in general: such an S- 
or A-form might express the same number  of identities 
as the I-form does, but it never expresses more 
identities. So a covering S- or A-form can never be 
better than a covering I-form. For  the same reason, a 
minimal composition too can never be better. There- 
fore, if a subcode can be described by a covering I- 
form, we do not need to investigate it any further. This 
suits well, for such subcodes are the most difficult ones 
with respect to the S- and A-form. Again for the same 
reason, we can take the I-form with the smallest chunk 
as argument. We investigate the subcodes in order of 
growing length. Therefore, when a covering I-form is 
found, the content  of the argument  chunk already has 
been encoded. This information is used directly to 
determine the total structure and parameter load of the 
subcode. 

The following procedure is used to find a covering I- 
form. I fa  subcode is of length 'k', we look for p = l, 2, 
.... k/2 whether 'p' is a divisor of 'k '  and if so, whether 
the subcode can be described by "q * (e I e 2 ... ep)' with 
q = kip. For each divisor of 'k' ,  there have to be made 
'q - l '  comparisons between subcodes of length 'ff 
(using the information stored in the reference scheme). 
This implies the computing time of the search for a 
covering l-form is O(k * In (k)). 

If no covering I-form is found, the best covering S- or 
A-form is selected, several of which in general exist. To 
satisfy the min imum principle, all possible S- and A- 
forms have to be investigated before the best one can 
be selected. 

Example: 

Consider the subcode 'a b b b a'. 
When looking for an S-form, it seems to be a good 
idea to look for ' the most symmetrical form, i.e. 
with the largest symmetry part. 
Here we would find "S[(a) (b), (b)]' with P = 3. 
However, the other possible S-form is better: it is 
'S[(a), (3 * (b))]' with P = 2. 

For  a subcode of length 'k', the argument code of the 

most symmetrical S-form maximally contains k/2 
elements. The argument codes of all other possible S- 
forms (maximally k/2) are part of this largest argument 
code. So after we have encoded the latter one, the en- 
coding of the others is known also. for each subcode of a 
code is encoded completely. To find the most sym- 
metrical S-form, k/2 comparisons have to be made 
(using the reference scheme) and after its argument 
code has been encoded, the best one has to be selected 
out of the k/2 possible S-forms (using the information 
found for the most symmetrical S-form). This implies 
the computing time to find a best covering S-form is 
O(k). 

Note: for the moment  we disregard the computing 
time to encode the argument code; we will return to it 
at the end of this section. 

I- and S-forms are invariant  to the direction in which 
the code is scanned Cleft to right or right to left). A- 
forms however, have to be determined for both 
directions. 

Example: 

Consider the subcode ' a f c f a f ' .  
Covering A-forms are: 
(1) ((a))/((S[if) ,  (c)]) i f ) )  with P = 4 
(2) (S[((a)), ((c))])/(if)) with P = 3 
of which clearly the last one has to be selected. 

At the start of this section we said the structural 
information approach gives rise to two explosive 
searches. Beside the over all explosion of the number  of 
possible end codes, the A-forms also give rise to an 
explosive search. 

Example: 

Consider the subcode 'a b a a d a at. 
It has two minimal covering A-forms: 
(1) ' ((a))/((b) (2~*(ad)))' so the first and second 'a' 

are extracted; 
(2) ' ((a))/((ba) 2,((d)))' so the first, third and fourth 

'a' are extracted. 

This example shows it is not always clear which 
elements 'a '  have to be extracted to get a minimal A- 
form. The number  of possible A-forms is equal to 
number  of ways in which (beside the first 'a') one or 
more elements 'a '  can be extracted from the subcode. 
This number  grows exponentially as a function of the 
number  of elements 'a'. So the investigation of all 
possible A-forms would give an explosive search. This 
explosion is smaller than the over all explosion for the 
end codes, but for the same reasons we cannot 
disregard it. 

We have strong indications the explosion for the A- 
form too can be avoided by using shortest route 
techniques. However, this is not yet realized and wilt 
take intensive study for it seems to need rather 
sophisticated programming. It will be a subject of 
future research. In the meantime we will use a heuristic 
method, which in most cases leads to a minimum. We 
are well aware of the fact that using heuristics does not 
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fully satisfy the minimum principle, but as we will see, 
the damage due to heuristics should not be over- 
estimated. So we will accept it as a temporary solution. 

The heuristic we will use, is the following quite 
simple method. Consider the subcode 'a b a a c a d'. 
While scanning from left to right, the first, second and 
fourth 'a'  are extracted to construct the covering A- 
form "((a))/(lb) (ac)(d))'. So the first 'a '  is extracted, 
then the next possible one and so on until a maximum 
number of them is extracted. It is a straightforward 
method without any other selection than the one just 
mentioned. Although this heuristic just takes one A- 
form out of all the possible ones, we said the damage 
should not be overestimated. The next example will 
make this clear for the code we showed before. 

Example: 

Consider the code "a b a a d a d'. 
Using the heuristic, we find the following covering 
A-form: ~((a))/((b) (ad) (d))" with P = 5, while a 
better one would be: '((a))/((ba) 2*((d)))" with 
P = 4. But this minimum is reached too by: 

'S[(a), (b)] 2 • lad)'. 
So there are other ways to reach a minimum. 

The following example shows it really is a heuristic, by 
which the algorithm can fail to find a minimal end 
code. 

Example: 

Consider the code 'a b a d e a e d a c'. 
The only minimal end code is: 
'((a))/((b) (S[(d)(e), (a)])(c)) '  with P = 6. 
This minimum will not be reached by using the 
heuristic, nor by using I- or S-forms instead of the A- 
form. 

Until  now we only have dealt with A-forms, where the 
chunk to be extracted contains one element. For  a code 
l ike 'a  bfa b g a bf',  we also have to investigate A-forms 
where that chunk contains more than one element, e.g. 
'((ab))/(([) (g) (1))'. Furthermore, for a code like aJ'9 c 
f g', A-forms with one chunk in the right-hand 
argument have to be investigated too, e.g. "((a) 
(c))/((fg))' .  This way, for a subcode of length 'k', the 
heuristic method maximally yields k - 2 covering A- 
forms, out of which the best one has to be selected. To 
construct one A-form using the heuristic takes O(k) 
computing time, so the time to find the best one takes 
O(k z) computing time. 
Note: again, for the moment we disregard the comput-  
ing time for the encoding of the argument codes. 

Summarizing the complete investigation of a sub- 
code of length ~k', we find the following computing 
times: 

(1) for a covering I-form: O(k * In(k)); 
(2) for a best covering S-form: O(k): 
(3) for a "best" covering A-form: O(k:); 
(4) to find a minimal composit ion of smaller sub- 

codes: O(k:). 
So the complete investigation takes O(k z) comput-  

ing time. There are N • (N + 1 )/2 subcodes for a code of 
length N, which implies the total encoding of a code 
takes O(N '~) computing time. This means we have 
established a process that takes just a polynomial time 
instead of an exponential time. This was our main goal. 

In this section we disregarded the computing time 
for the encoding of the argument codes of S- and A- 
forms. The reference' scheme ~see previous section) 
allows us to deal with identity relations on higher 
levels in exactly the same way as on the primitive level. 
Therefore, these argument codes can be encoded the 
same way as the primitive code. So, again it would take 
a polynomial computing time to encode each of these 
codes. However  we can disregard this time, for it has 
little influence. The hierarchical depth of an encoded 
subcode of length "k" maximally is : log (k): at each level 
a new argument code appears. The length of these 
codes decreases each level by at least a factor 2, so their 
influence on the computing time diminishes ver~ 
rapidly compared to the primitive code. Furthermore.  
there is no real code where all subcodes have this 
maximal hierarchical depth (mostly even none of 
them). Another argument might be the following. After 
having tested the algorithm on a PDP-  11 '44 computer  
with a large number of codes with length up to N = 85, 
the best fit for the actual computing time appeared to 
be 0 .0025 ,N~ms .  This is in agreement with the 
theoretical time of O(N4). 

Now that we have investigated each subcode, we can 
concentrate on the translation to and on the solution 
of the shortest route problem. This will be discussed in 
the next section. 

SHORTEST ROUTE METHOD 

In the previous section we discussed the investi- 
gation of each subcode separately. We observed [see 
Fig. 3) that the total code can be composed out of the 
subcodes in 2 N t different ways. But because now the 
encoding of all subcodes is known, the search for a 
minimal composit ion (i.e. minimal end code) can be 
translated to a shortest route problem. Shortest route 
problems are well known in mathematics and have a 
solution that only requires a polynomial computing 
time. This way, we can avoid the exponential process of 
investigating all possible compositions. As we saw in 
the previous section, this method has to be applied to 
every subcode as well. This is possible because the 
subcodes are investigated in order of growing length, 
so ifa minimal composit ion has to be determined for a 
subcode of length ~k', all subcodes of smaller length 
already have been dealt with. So then we have exactly 
the same situation as for the whole code after all 
subcodes have been investigated. How the translation 
to and the solution of the shortest route problem are 
established, will be illustrated by an extended example 
in which we use the code and graph of Fig. 3 as a 
starting point. As we just argued, exactly the same 
procedure would be necessary if that code would be a 
subcode of a larger code. 
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In Fig. 3, a directed graph on six vertices is related to 
the code 'a a b a b'. Every route from vertex 0 to vertex 5 
represents a parti t ioning of the code into several 
subcodes. An edge e(i, j), with i < j, from vertex i to 
vertex j ,  represents Subcod~ [i + 1, j ] .  Here, subcode 
[i + 1, j ]  refers to the subcode consisting of the code 
elements numbered from i + 1 t o j  inclusive. 

We can define w(i,j) as the "length" of edge e(i,j) by: 

w(i,j) = load of subcode [i + 1,j]. 

Now, we use the loads as found after the encoding of 
each subcode separately. In this case, six subcodes are 
covered by one ISA-form each, which yields: 

w(0 ,2 )=  1 f r o m 2 . ( a )  

w(1, 4) = 2 from S[(a), (b)] 

w(2, 5) = 2 from S[(b), (a)] 

w(0, 4) = 3 from S[(a), (ab)] 

w ( 1 , 5 ) = 2  f r o m 2 . ( a b )  

w(0, 5) = 3 from ( ( 2 .  (a)) (a)}/((b)) .  

Subcodes of length greater than 1, which are not 
covered by one ISA-form, can be disregarded because 
they always can be described by the six forms above 
and the single elements. For  instance, subcode "a a b' 
only can be described by '2 * (a) b' which corresponds to 
the edges e(0, 2) and e(2, 3). So, subcode 'a a b' itself can 
be disregarded, which means edge e(0, 3) can be left out 
of the graph. The resulting graph is shown in Fig. 6. 

Going along e(i,j) is equivalent to taking (the encoded 
form of) the related subcode as part of a code. Each 
possible end code is represented in the graph by a route 
from vertex 0 to vertex 5. Though not every route 
necessarily represents an end code, it will be clear that 
a shortest route by definition does represent a minimal 
end code, for the "length" of a route is equivalent to the 
" load" of the corresponding code. 

Now that we have established the translation of the 
original problem to a shortest route problem, we have 
to solve this new problem. We will discuss its solution 
in terms of the graph of Fig. 6 and will not bother the 
reader with the actual implementat ion in our al- 
gorithm, which is rather easy to realize once you know 
how the method works. 

The solution of a shortest route problem falls apart 

a a  bab 

Fig. 6. Graph representing single elements and covering ISA- 
forms. 

into two steps. First we try to determine the minimal 
distance between vertex 0 and vertex 5, without 
bothering about an actual route with that distance. 
This minimal distance is determined in such a way that 
afterwards a route with that distance is obtained quite 
easily. 

At each vertex k. we determine the minimal distance 
Wmi . (k, 5) to vertex 5. We will start at vertex 5 and work 
backwards to vertex 0. The first value clearly will be: 

Wmi n (5 ,  5) = 0 

Between vertex 4 and vertex 5, there only is edge e(4. 5). 
So w,, ,  (4, 5) = w(4, 5) = 1. This last equation can be 
given more general by: 

w,.,i . (4, 5) = w(4, 5) + w,,i, (5, 5) = l. 

The extension seems rather superfluous here, but it 
reflects the general idea of using the values already 
found. 
From vertex 3, we only can go to vertex 4. so: 

Wmi n (3,  5) = w(3, 4) + wmi, (4, 5) = 2. 

Note  we do not bother about  an actual route from 
vertex 4 to vertex 5, we just use the minimal distance 
already found. 

At vertex 2, a new situation occurs, for there are two 
possibilities to leave from vertex 2. Therefore we have 
to determine w,~,. (2, 5) out of two values: 

wmi. (2, 5) is w(2, 3) + Wmi" (3. 5) = 3 

or w(2, 5) + w,,i° (5, 5) = 2. 

So we will find: w,,in(2, 5) = 2. Now, also another 
aspect becomes important.  If we were "walking" 
through the graph from vertex 0 to vertex 5 and if we 
would pass by vertex 2, we now know the best 
continuat ion would be edge e(2, 5) and not e(2, 3) for 
this last one would result in a longer distance. There- 
fore, already now we can remove edge e(2, 3) from the 
graph, for it will never be part of a shortest route. 

At vertex 1 a similar situation occurs with three 
possibilities: 

w,.,i.(1, 5) is w(I, 2) + w,,,i,(2, 5) = 3 

or  w(l, 4) + w,,i, (4, 5) = 3 

or  w(1, 5) + wm~.(5, 5) = 2. 

So here we find w,.i. (1, 5) = 2. Furthermore,  the edges 
e(1, 2) and e(l, 4) will never be part of a shortest route, 
so they can be removed. Finally, at vertex 0 we have to 
determine w,,~,, (0, 5) out  of four possibilities: 

w.,i.(O, 5 ) is w(0, !) + Wmin( l  , 5) = 3 

or w(0, 2) + wmi, (2, 5) = 3 

or w(0, 4) + w,,i, (4, 5) = 4 

or w(0, 5) + w,,~. (5, 5) = 3. 

It  will be clear that w,,~. (0, 5) = 3 and that edge e(0, 4) 
can be removed from the graph. The resulting graph is 
shown in Fig. 7. 
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Fig. 7. A shortest route represents a minimal end code. 

By working backwards from vertex 5 to vertex 0 and 
by determining at each vertex the minimal distance to 
vertex 5, in the end we know the minimal distance from 
vertex 0 to vertex 5 is w,,,, (0, 5) = 3. As said before, the 
"length" of a route is equivalent to the "load'" of the 
corresponding code. So we already know the minimal 
load of an end code is P = 3, though we do not know 
such an end code yet. But because at each vertex we 
removed the edges that could not be part of a shortest 
route, every route from vertex 0 to vertex 5 now will be 
a shortest route and therefore represents a minimal 
end code. In this example there are three minimal end 
codes with load P = 3: 

(1) 2.(ajS[(b) , (a)]  

(2) ( (2*(a)) (a) ) / ( (b))  

(3) a 2 . ( a b ) .  

In fact the first two are equivalent, because both yield 
the same abstract code: "x x y z y', while the third one 
yields: "x y z y z'. So, according to the structural 
information approach, the original pattern 'a a b a b' 
will be ambiguous, for there are two different but 
equally preferred organizations. Here we will end with 
the example. 

If we apply the shortest route method to a code of 
length N, we observe the following. After the trans- 
lation has been established, we have to work back- 
wards from vertex N to vertex 0. At each vertex k, we 
have to determine: 

Wmin(k, N) = MIN ~w(k, p) + Wmin( p. N), 

for all e(k, p)}. 

The number of edges e(k, pt maximally is N - k, which 
implies the computing time to find the minimal 
distance from vertex O to vertex N is O(N2). 

The last question is which minimal end code has to 
be selected out of the possible minimal end codes. The 
structural information approach yields no preference 
for one of them. However.  we would like to make a 
justifiable choice. Therefore we observe the following. 
The minimum principle is considered to be a per- 
ceptual tendency, which can be influenced by several 
non-structural aspects of perception. Some of these 
aspects are color and brightness ~'9~ or  proximity and 
locality/2°~ These factors are independent of structural 

information and they play their own role in perception. 
Therefore the perceptually preferred code can be 
something else than just the structural minimum. 
Consider the code "a b c a h c h ('. The perceptually 
preferred organization seems to be "2 * (abel h c" or 
'S[(a). (he)] 2.(he) ' .  both with P = 5. However. the 
structural minimum is "(2 * I~ah))(h))'((c!)" with P =4. 
In this case, locality interferes with structural aspects. 
Under  the influence of locality, subjects tend to 
minimize parts of the code. disregarding a possible 
global minimum. Mostly this implies a partit ioning of 
the code into several independent subcodes. Therefore. 
locality is also related to the question whether a 
pattern is perceived as just one pattern or fails apart 
into several subpatterns, each of which is considered 
independent of the others. 

In view of the observations above, we select among 
the possible minimal end codes the one with a maximal 
number of atoms. This incorporates a tendency to 
locality. Not  that locality as such is dealt with. for this 
strategy leads to a solution which, in the first place. 
reflects a global structural minimum. But it also leads 
to locally oriented organizations of the pattern. In the 
shortest route example above this implies either the 
first or the third minimal end code is selected, each 
consisting of two atoms. Not  the second one which 
consists of only one atom. This selection involves a 
longest route problem, the solution of which in this 
case (a special kind of directed graph) is easily added to 
the process. It is quite similar to the solution of the 
shortest route problem and also takes O(N 2) comput-  
ing time. So, after all subcodes have been investigated 
separately, the computing time to obtain a minimal 
end code with a maximal number of atoms is O(N2). 

M E M O R Y  S P A C E  

Beside the computing time. another interesting 
aspect of the algorithm is the memory space, needed 
during the encoding. A primitive code representing a 
simple visual pattern, quite easily consists of about 30 
elements. So it is relevant whether the algorithm can 
deal with codes of such lengths. In Fig. 5. we observed 
that type and load are stored for each investigated 
subcode. To find a minimal composit ion for a subcode 
or a minimal end code, we only need the loads of the 
encoded subcodes, not their structures, for only the 
load is the criterion on which a structure is selected. 
Furthermore,  only a few structures will be selected for 
a minimal end code. Therefore we do not store the 
structures themselves, only their type and load. After 
we have selected the structures for the end code on the 
basis of their loads, we can easily reconstruct these few 
structures, for we already know their type. This 
implies that beside some space to store structures 
temporarily while they are being investigated, we only 
have to store the matrix of Fig. 5. Using the same 
notat ion we used to indicate computing times, the 
storage space needed during the total encoding is 
O(N2). This holds even if we take into account the 
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storage space for similar matrices during the encoding 
of argument codes on higher hierarchical levels. The 
practical implication of this can be illustrated by the 
following. Without storage into files, on a PDP-11/44 
(16-bit computer, available space 55 Kbytes), all 
possible codes of length up to N = 85 can be encoded. 
On a VAX-11/750 (32-bit computer, available space 6 
Mbytes) there is space enough to encode all codes of 
length up to N = 640. 

The algorithm has been implemented and tested on 
the two computer systems just mentioned, both under 
the UNIX operating system. It is written in  the C 
programming language, which has a close relationship 
with UNIX; together they provide a convenient use of 
pointers to represent and store hierarchical structures. 

CONCLUSION 

In this paper we presented an encoding algorithm, 
which computes minimal end codes of patterns on the 
basis of a well defined and operational model for the 
structural information approach. This approach sup- 
ports the minimum principle, which reflects a strong 
perceptual tendency. But it is not the only factor 
relevant to perception. How other perceptual aspects 
like locality interfere with structural information, will 
be an interesting subject for future research. 

Our main goal was to avoid an exponential growth 
of computing time in finding a minimal end code. The 
structural information approach gives rise to two 
explosive searches. One concerns the number of pos- 
sible covering A-forms for a subcode. To avoid this 
explosion we used heuristics. Whether these heuristics 
are well chosen or whether they are really necessary, 
has to be decided by further perception research. The 
main explosion concerns the number of possible end 
codes. To avoid this explosion, the problem of finding 
a minimal end code has been translated to a shortest 
route problem, which only takes a polynomial com- 
puting time to solve it. In order to make this trans- 
lation possible, all subcodes of the original primitive 
code had to be investigated separately. The investi- 
gation of the subcodes also takes just a polynomial 
computing time. This way, instead of an explosive 
computing time of o(2N), the algorithm just takes an 
acceptable time of O(N4). 

The structural information approach states, in 
agreement with the minimum principle, that a simplest 
pattern code reflects the preferred pattern organiz- 
ation. This assumption would not be very realistic if it 
would imply explosive searches to attain such a 
simplest code. Therefore the algorithm can be consi- 
dered as a support to the structural information 
approach and to the minimum principle. 

SUMMARY 

In the coding theory of pattern perception, there are 
several points of view regarding the question which 
organization of a pattern reflects the preferred organiz- 

ation. Some consider the most regular organization as 
the preferred one, others the most probable organiz- 
ation or the one which is attained with a minimum of 
procedural steps. The structural information ap- 
proach "4~ states that the simplest organization is the 
preferred one, which is in correspondence with the 
minimum principle. "6~ So not the process itself is 
decisive, but only the final outcome of the process. 

The structural information approach provides a set 
of reduction rules to describe regularities in a pattern. 
These rules explicitly express identity relations in a 
pattern code. In general not all identity relations can 
be expressed at the same time in one code. The 
preferred organization of a pattern is reflected by a 
code which expresses a maximum number of identity 
relations. However, the number of possible codes 
grows exponentially with the complexity of the pat- 
tern. So in computer simulation, it would take an 
exponential computing time to generate all codes and 
then select the simplest one. 

One attempt to avoid the explosion of code gener- 
ation and computing time has been made by Collard 
and Buffart. ~12~ 

In this paper another method is proposed. The 
central part of this method consists of translating the 
search for a simplest code to a shortest route problem. 
After applying the reduction rules to every part of the 
pattern code separately, the simplest code can be 
found without generating all possible codes. This way 
the search for a simplest code only takes a polynomial 
computing time. 

The structural information approach describes pat- 
terns in terms of linear codes. In the computer 
simulation, a hierarchical representation of these 
codes and a data structure are developed. These are 
not crucial in avoiding explosive searches, but they are 
important in that they constitute a formal framework 
in which it is easy to deal with codes and identity 
relations. 

In one part of the encoding algorithm, heuristics 
were used to avoid a second explosive search (beside 
the one for the end codes). Whether these heuristics 
were well chosen or whether they are necessary at all, 
has to be decided by further perception research. Also 
further research has to be done concerning the ques- 
tion how other non-structural aspects of a pattern 
interfere in attaining a preferred pattern organization. 
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