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Abstract

The recognition that human minds/brains are finite systems with limited resources for computation has
led some researchers to advance the Tractable Cognition thesis: human cognitive capacities are constrained
by computational tractability. This thesis, if true, serves cognitive psychology by constraining the space
of computational-level theories of cognition. To utilize this constraint a precise and workable definition
of “computational tractability” is needed. Following computer science tradition, many cognitive scientists
and psychologists define computational tractability as polynomial-time computability, leading to the P-
Cognition thesis. This paper explains how and why the P-Cognition thesis may be overly restrictive, risking
the exclusion of veridical computational level theories from scientific investigation. An argument is made to
replace the P-Cognition thesis by the FPT-Cognition thesis as an alternative formalization of the Tractable
Cognition thesis (here FPT stands for fixed-parameter tractable). Possible objections to the Tractable
Cognition thesis, and its proposed formalization, will be discussed and existing misconceptions are clarified.

Keywords: psychology, computer science, philosophy of mind, philosophy of computation, mathematical mod-
eling
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The Tractable Cognition Thesis

One of the primary aims of cognitive psychology is to explain human cognitive capacities (Cummins, 2000).
Cognitive capacities are often believed to be the result of the human mind/brain’s ability to transform certain
input states (e.g., sensations, perceptions, and concepts) into certain output states (e.g., inferences, decisions,
plans and overt responses). Cognitive scientists attempt to model such capacities by constructing precise
characterizations of the hypothesized inputs and outputs of cognitive capacities as well as the functional
mappings between them. This is what David Marr (1981) called the computational-level theory of a cognitive
process.

A problem faced by cognitive scientists is that computational-level theories are grossly underconstrained
by the available empirical data; not only because any finite number of observed input-output pairs is always
consistent with different mappings, but even more so because many of the inputs and outputs of interest to
cognitive psychology occur inside the minds of people and are thus not directly observable. For this reason
cognitive scientists could greatly benefit from theoretical constraints on the set of feasible computational-level
theories (see also Anderson, 1978, 1990).

This paper investigates the proposal, actively advanced by a small group of independent researchers
(Cherniak, 1986; Frixione, 2001; Levesque, 1988; Tsotsos, 1990) and tacitly accepted by a larger group
(e.g., Anderson, 1990; Martignon & Hoffrage, 2002; Martignon & Schmitt, 1999; Millgram, 2000; Oaksford
& Chater, 1993, 1998; Parberry, 1997; Rensink & Provan, 1991; Simon, 1957, 1988, 1990; Thagard, 2000;
Thagard & Verbeurgt, 1998), that the mathematical theory of NP-completeness can assist cognitive science
by delivering such theoretical constraints. I analyze the proposal as consisting of two parts. The first
part involves an informal thesis that I call the Tractable Cognition thesis: human cognitive capacities are
constrained by the fact that humans are finite systems with limited resources for computation. The second
part involves a specific formalization of the Tractable Cognition thesis, what I call the P-Cognition thesis:
human cognitive capacities are polynomial-time computable.

I agree with abovementioned researchers that cognitive scientists would do well by adopting the Tractable
Cognition thesis in one form or another. In fact, I believe the thesis is widely underappreciated and under-
utilized by cognitive scientists and much of this article is devoted to strengthening its position. I do have two
points of criticism, but neither is aimed at the Tractable Cognition thesis as such. My first point of critique
involves the way in which some researchers have been using the Tractable Cognition thesis in a conceptually
problematic fashion. In this article I try to clarify and explain what I take to be the proper use of the thesis.
My second point of critique involves the P-Cognition thesis as a formalization of the Tractable Cognition
thesis. I will argue that the requirement that computational-level theories describe polynomial-time com-
putable capacities may be overly restrictive, risking the exclusion of veridical computational-level theories
from scientific investigation. I propose the FPT-Cognition thesis as an alternative formalization (here FPT
stands for fixed-parameter tractable). The FPT-Cognition thesis recognizes that not all super-polynomial
time algorithms are created equal (Downey & Fellows, 1999; Flum & Grohe, 2006; Niedermeier, 2006), and
considers super-polynomial time computation feasible as long as it is confined to small input parameters.

The structure of this article is as follows. To fix intuitions, I start by formally defining what we mean by
a cognitive capacity and its computational-level theory (Section 1). I then trace the development from the
Church-Turing thesis to a first, informal formulation of the Tractable Cognition thesis (Section 2). Section 3
presents the P-Cognition thesis and its relevant formalisms. I identify three different uses of the P-Cognition
thesis in present-day cognitive science and argue that only one of them is conceptually coherent in Section
4. Subsequently, I present arguments for a refinement of the P-Cognition thesis in the form of the FPT-
Cognition thesis. Towards this end, I introduce concepts and methodologies from the field of parameterized
complexity (Section 5). Finally, I discuss a set of potential objections to the Tractable Cognition thesis and
its purported application in cognitive science. For each objection I present a brief reply to either rebut or
qualify the objection (Section 6).
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1. Cognitive capacities as mathematical functions

Cognitive capacities come in many kinds and flavors. Some are high-level and/or knowledge rich (e.g., rea-
soning, decision-making, categorization) others are low-level and/or knowledge poor (e.g., form perception,
motor planning). A cognitive capacity can be a sub-capacity (e.g., letter recognition) or super-capacity (e.g.,
sentence understanding) of another capacity (e.g., word recognition). Further, a cognitive capacity may
be realized by a whole organism (e.g., a human), a part of an organism (e.g., a brain, a neuronal group),
a group of organisms (e.g., a social group, a society), an organism-tool complex (e.g., a human-computer
combination), or even an altogether artificial device (e.g., a computer).1

A common assumption in cognitive psychology—and one that we will adopt in this article—is that a
cognitive capacity involves the effective computation of a specific input/output function ψ (Anderson, 1990;
Cummins, 2000; Massaro & Cowan, 1993): Given an initial or input state, i, the capacity ψ realizes a final or
output state o = ψ(i) as specified by a capacity defining function ψ : I → O. Capacity defining functions are
often also referred to as problems. Because psychologists are interested in cognitive capacities qua generic
capacities, an input state is usually seen as a particular input state (e.g. a particular tone, a particular
word, a particular pattern of neuronal firing) belonging to a general class of possible input states (e.g. all
perceivable tones, all English words, all possible patterns of neuronal firing). Formulating a computational-
level theory of capacity ψ consists of hypothesizing a domain of inputs on which the capacity operates,
IT = {i1, i2, ...}, a relevant range of outputs, OT = {o1, o2, ...}, and a function, ψT : IT → OT , mapping
each input i ∈ IT to an output o = ψT (i) (the subscript T indicates that IT , OT and ψT are the theorized
input and output domains and mapping between them). The computational-level theory ψT : IT → OT

instantiates a veridical description of capacity ψ if and only if it hypothesizes the correct input and output
domain and the correct mapping between them (i.e., I = IT and ψT (i) = ψ(i) for all i ∈ I). Assuming
that ψT is veridical at the computational level, further attempts can be made to understand the effective
procedure by which ψT = ψ is computed (i.e., what Marr, 1981, called the algorithmic level explanation),
as well as, to understand how that procedure is physically implemented by neural, or other bodily, processes
(i.e., what Marr called the implementation level explanation).

Cognitive scientists and psychologists often attempt to explain a cognitive capacity (e.g., the ability to
understand language) by decomposing it into several sub-capacities (e.g., the capacity to parse sentences, the
capacity to recognize letters and words, etc.). The coordinated manifestation of the sub-capacities is then
believed to amount to the realization of the analyzed super-capacity (Cummins, 2000). Each hypothesized
sub-capacity again calls for its own computational-level explanation. Because there are many different ways
in which to characterize a capacity—and even more ways to decompose it—psychologists will often be led to
modeling (sub-)capacities that do not actually exist. In such cases the function ψT does not have a natural
referent and is non-veridical by definition. Since modeling a non-existing capacity is a waste of time, an
important part of explaining cognitive capacities is figuring out which sub-capacities are real and which are
not. A first step in distinguishing real from apparent cognitive capacities is distinguishing possible from
impossible cognitive capacities. If one knows a capacity is impossible to realize—for reasons we will pursue
in a moment—then one knows it cannot exist as a cognitive capacity (Fig. 1).

2. Conceptual Foundations of Computability and Tractability

2.1. The Church-Turing Thesis

The assumption that human cognitive capacities consist in the effective computation of input/output func-
tions naturally imposes a limit on human cognitive capacities. It implies that human cognitive capacities are
limited to those input/output functions for which there exists effective procedures. In order to utilize this
constraint we need to make more precise what we mean by an effective procedure. An effective procedure—
also called algorithm— for a function ψ(i), is a finite step-by-step procedure that when followed mindlessly
will transform any input i ∈ I into the required output ψ(i). The notion of an effective procedure, so de-
fined, is an intuitive notion. Mathematicians and computer scientists have put forth several formalizations
(e.g. Church, 1936; Kleene, 1936; Post, 1936), but probably the best-known among cognitive scientists and
psychologists is the Turing Machine formalism (Turing, 1936). In the remainder of this paper we will work
with the Turing machine formalism. The reader unfamiliar with this formalism is referred to Appendix A.
Other accessible introductions can be found in Frixione (2001), Li and Vitányi (1997), and Wells (1998).
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Turing (1936) presented his machine formalization as a way of making the intuitive notions of “compu-
tation” and “algorithm” precise. He proposed that every function for which there is an algorithm—which
is intuitively computable—is computable by a Turing machine. In other words, functions that are not com-
putable by a Turing machine are not computable in principle by any machine. In support of his thesis,
Turing showed that Turing-computability is equivalent to a different formalization independently proposed
by Church (1936). The thesis by both Turing and Church that their respective formalizations capture the
intuitive notion of algorithm is now known as the Church-Turing thesis. Further, Turing’s and Church’s
formalizations have also been shown equivalent to other accepted formalizations of computation, by which
the thesis gained further support (see e.g. Gandy, 1988; Israel, 2002; Kleene, 1988, for discussions).

Note that the Church-Turing thesis is not a mathematical conjecture that can be proven right or wrong.
Instead the Church-Turing thesis is a hypothesis about the state of the world. Even though we cannot
prove the thesis, it would be in principle possible to falsify it; this would happen, for example, if one day a
formalization of computation were developed that (a) is not equivalent to Turing computability, and that,
at the same time, (b) would be accepted by (most of) the scientific community. For now the situation is
as follows: Most mathematicians and computer scientists accept the Church-Turing thesis, either as plainly
true or as a reasonable working-hypothesis. The same seems to be true for many cognitive scientists and
psychologists, at least for those who are familiar with the thesis.

The Church-Turing thesis has a direct implication for cognitive psychology: The functions describing
possible cognitive capacities are a subset of the class of Turing-computable functions (see Fig. 2). Hence, if
the Church-Turing thesis is true, then a computational-level theory that assumes that the cognitive system
under study computes an uncomputable function can be rejected on theoretical grounds.

2.2. Criticisms of The Church Turing thesis

Despite its wide acceptance, the Church-Turing thesis, and its application to human cognition, is not without
its critics. The critics can be roughly divided into two camps: Those who believe that cognitive systems can
do “more” than Turing machines and those who think they can do “less.”

Researchers in the first camp pursue arguments for the logical possibility of machines with so-called super-
Turing computing powers (e.g. Copeland, 2002; Steinhart, 2002).2 Much of this work is rather philosophical
in nature, and is concerned more with the notion of what is computable in principle by hypothetical machines
and less so with the notion of what is computable by real, physical machines (though some may agree to
disagree on this point; see e.g. Cleland, 1993, 1995; but see also Horsten & Roelants, 1995). The interested
reader is referred to the relevant literature for more information about the arguments in this camp (see also
footnote 2 for references). Here, we will be concerned only with the critics in the second camp.

Researchers in the second camp do not doubt the truth of the Church-Turing thesis (i.e., they believe
that the situation depicted in Fig. 2 is veridical), but they consider it too liberal to be of practical use
for cognitive psychology (e.g. Frixione, 2001; Levesque, 1988; Oaksford & Chater, 1993, 1998; Parberry,
1994; Simon, 1957, 1988, 1990; Thagard, 2000; Thagard & Verbeurgt, 1998). These researchers argue that
humans operate under strong physical constraints (e.g., at most 1012 neurons in the human brain, a firing
rate of at most 103 spikes/second), and thus cognitive capacities are limited to those computations that are
computable in a realistic amount of time and with the use of a realistic amount of memory. The study of
computational resources, and how they are consumed by computation, is called computational complexity
theory. It is to this theory that we turn now.

2.3. Computational Complexity Theory

I introduce here the basic concepts and terminology of computational complexity theory. For more details
on computational complexity theory refer to Garey and Johnson (1979), Karp (1972), and Papadimitriou
and Steiglitz (1988).

In computational complexity theory, the complexity of a problem, i.e., input/output mapping, is defined
in terms of the demands on computational resources as a function of the size of the input. The expression
of complexity in terms of a function of the input size is useful and natural. After all, it is not the fact that
demand on computational resources increases with input size (this will be true for practically all problems),
but how it increases, that tells us something about the inherent complexity of a problem. The most common
resources studied by complexity theorists are time (how long does it take to compute the input/output
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mapping) and space (how much memory does it take to compute the input/output mapping). Here we will
be concerned with time-complexity only. This focus on time, rather than space, complexity is natural and
justified for our purposes—which is, to constrain cognitive theories by upperbounding their computational
resource requirements—because accessing memory takes time and thus the amount of space a computation
can consume is upperbounded by the amount of time it can consume (Garey & Johnson, 1979).

I first define the Big-Oh notation, O(.), that we use to express input size and time complexity. The O(.)
notation is used to express an asymptotic upperbound. A function f(x) is O(g(x)) if there are constants c ≥ 0,
x0 ≥ 1 such that f(x) ≤ cg(x), for all x ≥ x0. In other words, the O(.) notation serves to ignore constants
and lower order polynomials in the description of a functions. For this reason O(g(x)) is also called the order
of magnitude of f(x). For example, 1+2+ ...+x = x(x+1)/2 is O(x2), and x4+x3+x2+x+1 is O(x4). The
definition of O(.) can be straightforwardly extended to functions with two or more variables. For example,
a function f(x, y) is O(g(x, y)) if there are constants c ≥ 0 and x0, y0 ≥ 1 such that f(x, y) ≤ cg(x, y), for
all x ≥ x0 and y ≥ y0.

The notions ‘input size’ and ‘time complexity’ are formalized as follows. If M is a Turing machine and i
is an input. Then the input size, denoted by |i|, is the number of symbols on the tape of M used to represent
i. Consider, for example, an input i that is a network of nodes and links. We can encode such a network in
several different ways. For example, we can encode it as an adjacency matrix, with each row r (and column
c) of the matrix representing a node in the network, and each cell (r, c) in the matrix coded ‘1’ if and only
if there exists a link (r, c) in the network connecting nodes r and c. Alternatively, we can encode the same
network as a list of nodes and links, as follows: a1, a2, ..., an, (a1, a2), (a2, a3), (a1, a3), ..., (an−1, an). Let n
be the number of nodes in the network and m be the number of links. Then the size of the matrix encoding
is O(n2), because an n× n matrix has n2 cells. The size of the list encoding is n + m, which is also O(n2),
because Since m < n2 and n + n2 is O(n2).

Using the big-Oh notation and the notion of input size defined above, we can now express the time-
complexity of algorithms and the input/output mappings that they compute. Let M be an algorithm (e.g.,
a Turing machine). If for any input i, M halts in at most O(t(|i|)) steps, then we say M runs in time
O(t(|i|)). Since we require M to halt in time O(t(|i|)) for all possible inputs, O(t(|i|)) should be interpreted
as an asymptotic bound on M ’s worst-case running time. An input/output function ψT : I → O is said to
be computable in time O(t(|i|)), if there exists at least one algorithm M that computes ψT (i) for all i ∈ I
such that M runs in time O(t(|i|)). If the fastest algorithm computing ψT runs in time O(t(|i|)) then we say
that ψT has time-complexity O(t(|i|)). Often we do not know the fastest algorithm for the function ψT . In
that case, we use the running time of the fastest known algorithm as a measure of time-complexity of ψT .

The exact running time t(|i|) of an algorithm may depend on the particular encoding used to represent
the input i, and the particular machine model used (Turing machine or otherwise). In what sense, then, is it
meaningful to talk about the time-complexity of an input/output function? The Invariance thesis provides
a possible answer.3

The Invariance thesis states that, given a “reasonable encoding” of the input and two “reasonable ma-
chines” M1 and M2, the complexity of a given computation ψT for M1 and M2 will differ by at most a
polynomial amount (see, e.g., Frixione, 2001; Garey & Johnson, 1979)—i.e., if M1 is computable in time
O(t(|i|)) then M2 is computable in time O(t(|i|)α) where α is a constant. Here, with “reasonable encoding”
is meant an encoding that does not contain irrelevant information and in which numbers are represented
in b-ary with b > 1 (e.g. binary, or decimal, or any fixed base other than 1). Further, with “reasonable
machine” is meant any type of Turing machine (with possible extensions as described in Appendix A.3)
or any other realistic computing machine under a different formalization (including, e.g., neural networks,
cellular automata). Note, however, that a machine capable of performing arbitrarily many computations
in parallel (cf. non-deterministic Turing machine or Quantum computer) is not considered a “reasonable”
machine (Garey & Johnson, 1979).

Like the Church-Turing thesis, the Invariance thesis is widely accepted among computer scientists and
cognitive scientists. The Invariance thesis, if true, implies that we can analyze the inherent worst-case
complexity of computations independent of the machine model up to a polynomial amount of precision. In
other words, if a computation is of polynomial-time complexity under one model it will be of polynomial-time
complexity under any other reasonable model. Similarly, if a problem is of super-polynomial time complexity
under one model it will be of super-polynomial time complexity under any other reasonable model.

Although some computer scientists believe that one day it will be possible to build Quantum computers
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(allowing for arbitrarily many parallel computations), this still remains to be seen. Furthermore, even if a
Quantum computer—or some other computational device of comparable power—were physically realizable,
it still need not be the right model of human computation (see, e.g., Litt, Eliasmith, Kroon, Weinstein,
& Thagard, 2006). Whichever will turn out to be the case, for purposes of this paper we will adopt the
Invariance thesis (see also Section 6.8 for a qualification of the computational powers of quantum computers).

2.4. The Tractable Cognition thesis

So far we have talked about “reasonable encoding” and “reasonable machines,” but what about “rea-
sonable time”? As discussed in Section 2.2, critics of the Church-Turing thesis argued that computability
does not pose strict enough constraints on human computation, because human cognitive capacities are lim-
ited to those that can be computed in a “reasonable time”—called tractable computations. This notion of
tractability is an intuitive notion, like effectiveness was an intuitive notion before its formalization as Turing-
computability. If we could somehow formally define the class of functions that are tractably computable,
and the class of functions that are not, then we could have a Tractable Cognition thesis, which states that
cognitive functions are among the tractably computable functions. Such a thesis could then serve to provide
further theoretical constraints on the set of functions describing human cognitive capacities, as illustrated in
Fig. 3.

We do not know exactly what type of machine the human brain, or whatever other physical substrate
underlying human cognition, is. Therefore it would be particularly useful if we could formalize the Tractable
Cognition thesis in a way that abstracts away from machine details. That is, like the Church-Turing the-
sis provides a definition of computability independent of the Turing-machine formalization, we would like
to have a Tractable Cognition thesis that provides a definition of tractability independent of the Turing-
machine formalization. From the Invariance thesis (Section 2.3) we know that if we could define the set
of tractable and intractable problems such that the classification is insensitive to a polynomial amount of
complexity in computation of the problem, we would have a machine independent formalization of the notion
of (in)tractability.

For now I have formulated the Tractable Cognition thesis as a “mold” for a formal version of the thesis
(indicated by the dotted line in Fig. 3). The remainder of this paper investigates two possible formalizations
of the Tractable Cognition thesis. The first is called the P-Cognition thesis and the second is called the
FPT-Cognition thesis. We will see that both the P-Cognition thesis and the FPT-Cognition thesis adopt
the Invariance thesis to achieve the desired generality and machine independence.

3. The P-Cognition thesis

Because of the Invariance thesis we can distinguish between functions that can be computed in polynomial-
time (i.e., time O(t(|i|α)) where α is a constant), and those that cannot (e.g., functions that require at
best exponential-time, time O(t(α|i|)) with constant α). The classical4 theory of computational complexity
proposes that the class of functions that are computable in polynomial-time provides a useful (approximate)
formalization of the set of functions that are intuitively tractable (e.g. Garey & Johnson, 1979; Papadimitriou
& Steiglitz 1988). Garey and Johnson (1979, p. 8) express the intuition as follows:

“Most exponential time algorithms are merely variations on exhaustive search, whereas polyno-
mial time algorithms generally are made possible only through the gain of some deeper insight
into the nature of the problem. There is wide agreement that a problem has not been “well-
solved” until a polynomial time algorithm is known for it. Hence, we shall refer to a problem as
intractable, if it is so hard that no polynomial time algorithm can possibly solve it.”

The classical definition of intractability is widely adopted in computer science (see e.g. Garey & Johnson,
1979; Papadimitriou & Steiglitz, 1988, or any other introductory text). To see that the definition has
merit, consider Table 1. Table 1 shows that an exponential function, like t(2|i|), grows much faster than
a polynomial function, like t(|i|2). If we assume that a computing machine can compute, say, 100 basic
computations per second then, as |i| grows, the exponential running time gets unrealistic very fast for any
reasonable computing machine (compare Columns 2 and 3 of Table 1).

Here the assumption of 100 basic operations per second is for illustrative purposes only. In the context
of cognitive psychology, what constitutes a reasonable assumption depends on the speed of the ‘hardware’
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assumed to underly the cognitive capacity under study (e.g., one may assume a generous upperbound for
whole brain computational power of about 1012 (neurons) × 103 (connections per neuron) × 103 (firing rate)
= 1018 basic computation steps per second, but presumably not every cognitive capacity can claim all of
the processing power of the entire brain). Importantly, however, increasing the speed with which a basic
computational operation can be performed has very limited impact if the running time is of exponential-
time complexity. For example, if we could realize a 100-fold speed-up of our computing machine (e.g. by
improving its hardware so that it can perform each sequential operation 100 times faster; or by having it run
100 computational channels in parallel), then an exponential-time algorithm running in time t(2|i|) would
still be impractical for all but relatively small input sizes (compare Columns 3 and 5 of Table 1).

The classical definition of intractability has found its way into cognitive psychology, leading to the P-
Cognition thesis: cognitive capacities are limited to those functions that can be computed in polynomial-time
(Fig. 4). The P-Cognition thesis is (tacitely) being used by many researchers in cognitive psychology (e.g.,
Anderson, 1990; Cherniak, 1986, Levesque, 1988; Martignon & Hoffrage, 2002; Martignon & Schmitt, 1999;
Millgram, 2000; Oaksford & Chater, 1993, 1998; Parberry, 1997; Simon, 1988, 1990; Thagard, 2000; Thagard
& Verbeurgt, 1998; Tsotsos, 1990, 2001), as well as in artificial intelligence (see e.g. Cooper, 1990; Nebel,
1996), but Frixione (2001) seems to be the first to explicitly call for its general use in cognitive psychology
as a way of constraining the space of possible computational-level theories.

Does the P-Cognition thesis really help as Frixione suggests? If theories that cognitive psychologists
naturally propose are trivially tractable then the P-Cognition thesis would not help us much. As it turns
out, however, many present-day theories are far from (trivially) tractable. Table 2 presents a sample of
input/output functions aimed at modeling (hypothesized) cognitive capacities. The first thing to notice is
that all these functions have search spaces that are potentially of super-polynomial size. Take, for example,
what is often considered the bedrock of cognition: categorization (Harnad, 1987). A widely held view is that
object categories are formed so as to maximize within-category similarity and between-category dissimilarity
(Pothos & Chater, 2001, 2002; Rosch, 1973; Rosch & Mervis, 1975). This idea can be formalized as follows.

Categorization (ψCat)
Input: A set of objects, P = {p1, p2, ..., pn}, and a similarity value, s(p, q), and a dissimilarity
value, d(p, q), for each (p, q) ∈ P × P .
Output: A partition of P into k subsets A1, A2, ..., Ak such that the sum of within-category
similarities and between-category dissimilarities is maximized (i.e., the partition maximizes the
following sum:

∑
i

∑
p,q∈Ai

s(p, q)+
∑

i,j,i 6=j

∑
p∈Ai,q∈Aj

d(p, q)).

The combinatorial explosion in the number of possible candidate partitions to consider in ψCat excludes the
possibility of an exhaustive search (even if a human would encounter at most 100 objects in his/her lifetime,
there would already be as many as 10115 possible partitions to choose from), and surely no psychologist
would propose that this is how the brain computes ψCat. Nonetheless, proposing ψCat as a descriptive
model of human categorization raises the question of how the brain would be able to compute it otherwise.
To address this question we need to have a technique that allows us to test whether or not ψCat can be
computed by a non-exhaustive, polynomial-time algorithm. I will now briefly discuss how the mathematical
theory of NP-completeness provides us with such a technique.

The theory of NP-completeness defines two classes of functions (see Fig. 5):5 Functions that can be
computed by a deterministic Turing machine in polynomial-time, P, and functions that can be computed
by a nondeterministic Turing machine in polynomial-time, NP (see Appendix A.3 for an explanation of the
difference between the two types of Turing machines). Since every deterministic Turing machine is also a
nondeterministic Turing machine, we know that all functions that belong to the class P also belong to the
class NP (in other words, P ⊆ NP). It is widely believed that there exist functions in the class NP that do not
belong to the class P, and thus P ⊂ NP. This conjecture is motivated, among other things, by the existence
of so-called NP-hard problems. These problems derive their name from the fact that they are at least as hard
to compute as any problem in the class NP (NP-hard problems that are in the class NP are also known as
NP-complete). To be precise, if any one NP-hard problem were to be computable in polynomial time then
all problems in NP would be computable in polynomial time, which would mean that—contrary to common
mathematical intuition—the class P is exactly equal to the class NP. Presently hundreds or thousands of
functions are known to be NP-hard (see, e.g., Garey & Johnson, 1979, or available online compendia), but
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despite great efforts from many computer scientists nobody to date has succeeded in finding a polynomial-
time algorithm that computes an NP-hard function (hence, the belief that P 6= NP). The finding that a
function ψT is NP-hard is therefore seen as strong evidence that ψT is not polynomial-time computable. In
the remainder of this paper, we will work under the assumption that P 6= NP.

One can prove a function to be NP-hard using the technique of polynomial-time reduction (see Fig. 6
for an illustration): For two functions ψ1 : I1 → O1 and ψ2 : I2 → O2 we say that ψ1 reduces to ψ2, if
there exist algorithms G and H such that G transforms any input i1 ∈ I1 into an input G(i1) ∈ I2 and H
transforms any output ψ2(G(i1)) into output H(ψ2(G(i1))) = ψ1(i1). We furthermore say the reduction is a
polynomial-time reduction if both G and H run in polynomial time. Now a function ψT is NP-hard if every
function in NP can be polynomial-time reduced to ψT . This technique of polynomial-time reduction is very
useful, because once a function ψ1 is known to be NP-hard we can prove another function ψ2 to be NP-hard
by polynomial-time reducing ψ1 to ψ2. In 1971, Stephen Cook proved the first function to be NP-hard,
called Satisfiability, and since then many functions have been shown to be NP-hard by (direct or indirect)
reduction from Satisfiability.

We are now in a position to answer our earlier question: Can ψCat be computed in a way that avoids
an exhaustive search of a super-polynomial (part of the) search space? It turns out that the answer is “no,”
because the function ψCat is NP-hard (e.g., the known NP-hard function Clustering polynomial-time reduces
to ψCat (Garey & Johnson, 1979)). Consequently, all algorithms computing ψCat will be of super-polynomial
time-complexity. Notably, the same is true for many formalizations of the computational-level theories listed
in Table 2. It seems then that none of the computational-level theories (trivially) satisfies the tractability
requirement posed by the P-Cognition thesis.

4. A Critique of the P-Cognition thesis in Practice

Being confronted with an NP-hardness result for one’s computational-level theory, what is a cognitive
psychologist to do? The opinions seem to vary. In the literature at least three different types of responses
can be distinguished. Briefly, they are as follows:

1. Framework Rejection response: Some researchers consider the finding that a computational-level
theory ψT is NP-hard reason to reject the theoretical framework underlying ψT altogether. For example,
Oaksford and Chater (1993, 1998) argued that logicists’ approaches to modeling commonsense reason-
ing are untenable, because checking whether a set of beliefs is logically consistent—i.e., Satisfiability—is
NP-hard (cf. Martignon & Schmitt, 1999; Millgram, 2000).

2. Theory Revision response: Other researchers view the theory of NP-completeness as a tool for
refining (not all-round rejecting) computational level theories such that they satisfy tractability con-
straints. For example, Levesque (1988), like Oaksford and Chater (1993, 1998), recognized the inherent
exponential-time complexity of general logic problems, but unlike Oaksford and Chater, he concludes
that we need to adjust logic, not abandon it, in order to obtain psychologically realistic models of human
reasoning. Similarly, upon finding that visual search, in its general (bottom-up) form, is NP-complete,
Tsotsos (1990, 2001) did not abandon his model of vision, but instead adjusted it by assuming that
top-down information helps constrain the visual search space.

3. Devising Heuristics response: Lastly there are researchers who, upon finding that a cognitive
function ψT is NP-hard, do not reject ψT as computational level theory, nor adjust it to accommodate
tractability constraints. Instead they assume that, at the algorithmic level, the function ψT is being
computed by heuristics or approximation algorithms. This approach is taken, for example, by Thagard
and Verbeurgt in the domain of coherence reasoning (1998; Thagard, 2000; but see also Chater &
Oaksford, 2000; Martignon and Schmitt, 1999). It seems that these researchers recognize the constraint
that tractability places upon algorithmic level theories, but consider the constraint irrelevant at the
computational level.

Of these reactions, the type 2 reaction, i.e., Theory Revision, is the most sensible one. I will explain below
why this is so.

An intractability result for ψT indicates that it is not (plausibly) possible that the mind/brain computes
exactly ψT , but it may still compute something quite similar to ψT . If a theory ψT is found to be NP-hard,
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a natural next step is to define a new function ψ′T , such that ψ′T still captures all that ψT was intended to
capture, and assess whether or not ψ′T is tractably computable. If ψT was on the right track to begin with,
this iterative process will bring us closer and closer to a veridical model of ψ. It is only when very many
possible candidate theories for ψ are considered and none can be shown to be tractably computable, that
we are justified in doubting that our theoretical framework is entirely on the wrong track, and possibly the
hypothesized capacity ψ does not exist at all (see Section 1).

There are many different ways in which one can attempt to bring a computational-level theory ψT within
the range of computational tractability, but one obvious approach would be to try and restrict ψT to some
(psychologically relevant) proper subset I ′ ⊆ I of inputs, and test whether the resulting function ψ′T : I ′ → O
is computable with a polynomial amount of resources. To illustrate let us again consider the earlier example
ψCat as a computational-level model of unsupervised categorization. The input to ψCat was defined as
follows:

ICat : A set of objects, P , and a similarity value, s(p, q), and a dissimilarity value, d(p, q), for
each pair of objects (p, q) ∈ P × P .

Note how s(p, q) and d(p, q) are completely independent measures in ICat. It may very well be, however,
that humans mentally represent similarity and dissimilarity such that the dissimilarity d(p, q) is simply the
inverse of the similarity s(p, q). In that case, the input domain of ψCat could be naturally restricted as
follows:

I ′Cat : A set of objects, P , and a similarity value, s(p, q), and a dissimilarity value, d(p, q) =
−s(p, q), for each pair of objects (p, q) ∈ P × P .

Now we may ask if possibly the restriction ψ′Cat : I ′ → O satisfies the tractability constraint as specified by
the P-Cognition thesis.

Importantly, the example that I present is for illustrative purposes only. The restriction of ψCat in the
form of ψ′Cat may of course fail as an attempt to save the Categorization model. This would happen, for
example, if the proposed restriction proves indefensible on empirical grounds (see, e.g., Tversky, 1977), or if
ψ′Cat is found to be equally intractable as ψCat. My point, however, is merely this: The fact that ψCat is
NP-hard does not imply that ψ′Cat is NP-hard. So the finding that ψCat is NP-hard is not sufficient to reject
the informal and general hypothesis that categories are formed so as to maximize within-category similarity
and between-category similarity, though it is an incentive to reformulate the (formal) computational model
ψCat in a way that accommodates the requirement of computational tractability.

In general, forcing one’s computational model to meet tractability constraints—either by restricting the
set of inputs (as illustrated above) or by otherwise adjusting model details (more on this below and in
Section 5)—ensures that computational level theories are formulated in a way that leaves open possibilities
for algorithmic and implementation level explanation. In fact, the failure to do so can be seen as precluding
any understanding of how the capacity is effectively and physically realized given finite resources. This
approach is conform the views of Frixione (2001), Levesque (1988), and Tsotsos (1990) among others, and
represents, in my opinion, the proper use of the Tractable Cognition thesis in cognitive psychology.

In the following I comment on the other two reactions and explain why I think neither is conceptually
unproblematic. In particular, I will argue that Framework Rejection is unjustified because intractability does
not propagate to all models in a given generalized class and the Devising Heuristics response is explanatorily
incoherent in the sense that it introduces a logical inconsistency between computational-level explanation
on the one hand and algorithmic-level explanation on the other.

The problematic nature of a Framework Rejection response should be evident from the above discussion.
No single intractability result for ψT can overthrow the entire framework in which ψT was formulated. As
explained above, the finding that a function ψT : I → O is NP-hard does not imply that a restricted
function ψT : I ′ → O, with I ′ ⊆ I is NP-hard (although the reverse is true). This difference between ‘a
general problem being NP-hard’ and ‘a problem being generally NP-hard’ seems to be often confused in the
cognitive science literature. Consider, for example, the following statement by Thagard (2000, p. 15):

“Coherence problems are inherently computational intractable, in the sense that (...) there are
no efficient (polynomial-time) procedures for solving them [assuming P 6= NP].”
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Here Thagard bases himself on the NP-hardness proof by Verbeurgt (see Appendix in Thagard & Verbeurgt,
1998) for the general class of functions subsumed by the function in row 3 of Table II, denoted by ψCoh.6

Note how Thagard’s synopsis (misleadingly) suggests that coherence problems are of super-polynomial time
complexity across-the-board. Clearly the finding that ψCoh is NP-hard does not warrant this conclusion.
Several of the coherence models that Thagard (2000) discusses in his book are in fact restricted versions or
variants of ψCoh, neither of which automatically inherits the NP-hardness of ψCoh (see van Rooij, 2003, for a
detailed treatment). In a similar vein, Oaksford and Chater (1998) write: “Consistency checking constitutes
a general class of problems in complexity theory called satisfiability problems” (p. 76) and “consistency
checking, like all satisfiability problems, is NP-complete” (p. 77). Here Oaksford and Chater (1998) base
themselves on Cook’s (1971) finding that Satisfiability is NP-complete. Their conclusion, however, is as
unwarranted as the one by Thagard quoted above. Surely there exist versions of Satisfiability that are in P
(e.g., 2-Satisfiability; Garey & Johnson, 1979). It seems as if these researchers believe that an intractability
result for a given model also “infects” all versions and variants of that model. Oaksford and Chater (1998)
furthermore take this as a reason to abandon a modeling framework altogether (Thagard does not, as his
reaction is of the type Devising Heuristics). Besides being unwarranted, the reaction of Oaksford and
Chater (1998) is also counterproductive. Any sufficiently rich framework for modeling cognition will almost
certainly give rise to some (possibly many) models that are NP-hard. This is also illustrated by the fact
that Bayesianism—the framework that Oaksford and Chater revert to after rejecting Logicism—is similarly
plagued by NP-hardness results (Cooper, 1990, Roth, 1996).

In commenting on the Devising Heuristics response, I distinguish between inexact algorithms with prov-
able approximation guarantees and inexact algorithms without such provable performance. Following com-
puter science convention I refer to the former as approximation algorithms proper and the latter as heuristics.
If we were to accept mere heuristics as algorithmic level descriptions then there would be no principled rela-
tionship between descriptions at the algorithmic and descriptions at the computational level. It seems that
this would render the two levels of theorizing at best disconnected and at worst inconsistent. To illustrate let
us again consider Thagard’s coherence model, ψCoh. As noted above, ψCoh is NP-hard and Thagard knows
this. Instead of reformulating (e.g., restricting) his model, Thagard seems to take the result as a green
card for formulating heuristics “computing” ψCoh as algorithmic-level descriptions.8 His favorite heuristic
is embodied by a neural network type processing mechanism (see Thagard, 2000; Thagard & Verbeurgt,
1998). Let us call it NCoh. Now there are two possibilities: Either (a) NCoh transforms any input i ∈ ICoh

into NCoh(i) = ψCoh(i), or (b) there exist some i ∈ ICoh such that NCoh(i) 6= ψCoh(i). If case (a) holds,
then NCoh is an exact algorithm for ψCoh, and hence it is not a heuristic. But then, NCoh would be as
unrealistic at the algorithmic level as ψCoh is at the computational level, because knowing ψCoh is NP-hard,
the algorithm NCoh would have to run in super-polynomial time. If case (b) holds, on the other hand, then
NCoh is a heuristic, and it is possible that NCoh is tractable even if ψCoh is not. But then NCoh does not
explain how ψCoh is effectively computed for all i ∈ ICoh where NCoh(i) 6= ψCoh(i). This also means that for
all these i, NCoh(i) and ψCoh(i) are competing (and not complementary) accounts about what it means for
cognizers to maximize coherence, since the outputs predicted by NCoh(i) at the algorithmic level are different
from the outputs predicted by ψCoh(i) at the computational level, leading to an internal inconsistency in
the theory composed of both explanations (see Thagard, 2000).

One may contend that NCoh may be a veridical algorithmic level description for the class of inputs relevant
for cognizers, and possibly this is what Thagard has in mind. But this just raises the question of what those
inputs are. Let us denote this special set of inputs by I ′ ⊆ I. Then the claim is that NCoh is an exact
algorithm (not a heuristic) for the function ψ′Coh : I ′ → O. But that just means that, assuming that NCoh

is veridical at the algorithmic level, that ψ′Coh (but not ψCoh) is the veridical model at the computational
level. Besides, if NCoh is indeed veridical at the algorithmic level, then on the Tractable Cognition thesis,
ψ′Coh is a tractable function, even though ψCoh is not. Rejecting ψCoh, and replacing it by ψ′Coh, is exactly
what the Theory Revision reaction requires, and this is what Thagard could have done to maintain internal
consistency of his explanation of coherence. Doing so, however, does require the identification of I ′ as well as
some argument making plausible that the class of inputs for which people can compute maximum coherence
is satisfactorily modeled by I ′.

Now, approximation algorithms may not seem to be susceptible to the same criticism as heuristics, because
an approximation algorithm—with its provable performance bound—does have a well-defined relation to
the function it is approximating. Still some inconsistency exists between an “exact” computational-level
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theory and an “approximate” algorithmic-level description. Some may argue that certain “small” degrees of
divergence between computational-level predictions and algorithmic level predictions are acceptable, provided
the divergence is contained and well-understood (as is the case of approximation algorithms proper). Be
that as it may, I think nothing is lost, and both tractability and consistency are won, if the relevant form of
approximation were simply made part of the computational-level theory. To illustrate, let A be an algorithm
that tractably approximates some intractable function ψT . Then, instead of maintaining the intractable ψT

as computational-level theory of some cognitive capacity ψ (according to the Tractable Cognition thesis, ψT

must be a non-veridical theory of ψ anyway), we may formulate a new computational-level theory ψTapprox
,

which corresponds to the approximation problem computed by A. This approximation problem is tractable
and hence may for all we know be a veridical computational-level theory of the cognitive capacity of interest.
Clearly, this is just another way to implement a Theory Revision response. Note also that the approximation
algorithm A for ψT will now automatically be an exact algorithm for ψTapprox

, which ensures consistency
between the explanations at the algorithmic level (A) and the computational level (ψTapprox

).
One is warned that for purposes of cognitive modeling not just any index of approximation will do. To

illustrate consider again the neural network processor, NCoh. In their Appendix, Thagard and Verbeurgt
(1998) proved that, given certain amount of preprocessing, NCoh can be made to approximate ψCoh in the
sense that it computes a truth assignment whose coherence level is within 87% of the maximum coherence
level (e.g., if the maximum coherence level is 100, then the algorithm always outputs a truth assignment
with coherence at least 87). As Millgram (2000) rightly points out, however, approximating the maximum
coherence value is not the same as approximating the truth assignment having the maximum coherence
value. In this particular case, the two can differ by an arbitrarily large amount. Namely, a truth assignment
with almost maximum coherence can be exactly the opposite of the maximum coherence truth assignment
itself. The potential misfit between approximating optimal values and approximating structural aspects of
optimal outputs seems to have been a largely ignored phenomenon in both the computer science and the
cognitive science literature. The topic deserves further investigation, especially since more “approximation
theories” will likely emerge the more often the Tractable Cognition thesis is put into practice in cognitive
science (see Hamilton, Müller, van Rooij, and Wareham, 2007, for a first study along these lines).

Lastly, I note that my criticisms of the Framework Rejection and Devising Heuristics responses to in-
tractability are not specific to the use of the P-Cognition thesis. They would apply with the same force
had the researchers adopted a different formalization of the Tractable Cognition thesis. It just so happens
that the only accepted formalization to date has been the P-Cognition thesis. In the next section I put
forth a different formalization in the form of the FPT-Cognition thesis. Like the P-Cognition thesis, the
FPT-Cognition thesis supports only the Theory Revision response to an NP-hardness result, but it does
allow for a wider range of adjustments.

5. The FPT-Cognition thesis

The FPT-Cognition thesis builds on the relatively young theory of parameterized complexity, founded by
Downey and Fellows (1999; see also Fellows, 2002; Flum & Grohe, 2006; Niedermeier, 2006). Parameterized
complexity theory is motivated by the observation that some NP-hard functions can be computed by algo-
rithms whose running time is polynomial in the overall input size |i| and non-polynomial only in some small
aspect of the input called the input parameter. In other words, the main part of the input contributes to the
overall complexity in a “good” way, while only the input parameter contributes to the overall complexity in a
“bad” way. In these cases, we say that the parameter confines the non-polynomial time-complexity inherent
in ψ and the function is said to be fixed-parameter tractable for that parameter. More formally, a function
ψT is fixed-parameter tractable for a parameter k if there exists at least one algorithm that computes ψT

in time O(f(k)|i|α), where f is a function depending only on the parameter k and α is a constant. In this
case, the algorithm is called an fixed-parameter tractable (fpt-) algorithm and the parameterized function
k-ψT is said to belong to the class FPT. Parameterized functions that do not belong to FPT are called
fixed-parameter intractable.

To illustrate let us consider a weighted graph. This is a commonly assumed input structure for both
connectionist and symbolic theories of cognition. The class of weighted graphs on which a hypothesized
cognitive capacity operates may be limited in many possible ways. For example, the class may contain only
graphs in which any given node has at most k1 connections to other nodes, or graphs with at most k2 different
connection weights, or graphs in which the distance between any two nodes is at most k3, or graphs with at
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most k4 layers of nodes, or graphs with layers such that nodes have at most k5 incoming connections and at
most k6 outgoing connections, etc. Now note that even if some function ψG defined over input graphs is not
computable in polynomial-time O(|i|α) it may still be computable in fpt-time O(f(k)|i|α), for one or more
such graph parameters k ∈ {k1, k2, k3, ...}. In those cases, as long as k is relatively small (e.g., much smaller
than the size of the entire graph), the computation of ψG may then still be performed quite fast even for
large input graphs. This is illustrated in Table 3.

The illustration in Table 3 assumes that k is relatively small (in this case k = 10) and, again, processing
speed is assumed to be 10,000 computational steps per second. First of all notice that the fpt running times
O(2k|i|) and O(2k + |i|) grow much slower with |i| than the exponential running time O(2|i|). Hence, in
contrast to what the P-Cognition thesis claims, a theory ψT which is not polynomial-time computable may
still be psychologically feasible, even for large |i|, provided only that ψT is computable in fpt-time for a
parameter that is relatively small in practice. Notice that the requirement of fpt-time is not a luxury, not
even for small parameters. As can be seen in Table 3, a running time that is not fpt-time, such as O(|i|k), is
generally impractical even if k is relatively small. Hence, the existence of small input parameters is by itself
not sufficient for efficient computability of a function.

These observations lead me to propose the FPT-Cognition thesis: Cognitive functions are among the
functions that are fixed-parameter tractable for one or more input parameters that are small in practice.
Fig. 7 illustrates how the FPT-Cognition thesis instantiates a relaxation of the P-Cognition thesis: i.e.,
functions that are classified as intractable under the P-Cognition thesis may still be tractable under the
FPT-Cognition thesis.

Why relax the P-Cognition thesis? If we use computational complexity theory to constrain psychological
theorizing we do not want to constrain it too much. That is, we do not want to risk rejecting veridical
theories simply because our formalization of the Tractable Cognition thesis is wrong. Since fpt-algorithms
can be feasible despite their super-polynomial complexity, as I have explained above, then if we adopt the
P-Cognition thesis we risk exactly this.

Relaxing the P-Cognition thesis as is done by the FPT-Cognition thesis is only useful, of course, if there
exist computational-level theories that are not in P but that are in FPT for relevant input parameters.
As it turns out, such theories indeed exist. Many apparently intractable computational-level theories are
fixed-parameter tractable for one or more parameters that characterize their respective inputs (see, e.g., van
Rooij & Wareham, in press, for a review). We will consider the Coherence theory ψCoh of Thagard (2000;
Thagard & Verbeurgt, 1998) as an illustration.

Coherence (ψCoh)
Input: A set of propositions P = {p1, p2, ..., pn} and a set of constraints C ⊆ P ×P . Constraints
come in two kinds: positive constraints C+ and negative constraints C− with C− ∩ C+ = ∅.
Output: A truth assignment to the propositions in P that maximizes the number of satisfied
constraints in C. Here a positive constraint (pi, pj) ∈ C+ is satisfied if pi, pj are both set to
“true” or both set to “false” and a negative constraint (pi, pj) ∈ C− is satisfied if pi is set to
“true” and pj set to “false”.

The Coherence theory has several explicit and implicit input parameters. Examples of explicit parameters
are the number of positive constraints (|C+|) and the number of negative constraints (|C−|); examples of
implicit parameters are the maximum number of constraints that are satisfied (s) or unsatisfied (u) by
the optimal assignment. Observe that large belief networks—i.e., networks consisting of many connected
propositions—may still have small associated |C+| or small associated |C−| (though both cannot be small
at the same time). Also, large belief networks may still have small associated s or u (though, again, both
cannot be small, because u + s = |C+| + |C−| = |C|). Whether or not these parameters are small for
real-life human belief networks is an empirical question, but it is conceivable that at least one of them is.
If the function ψCoh is fixed-parameter tractable for one or more of these parameters, then despite being
NP-hard, the function may still be tractably computable in practice. To investigate this possibility we need
a way to distinguish functions that are in FPT from those that are not. As we will now see, the theory of
parameterized complexity provides the necessary tools.

Analogous to the classical method of polynomial-time reduction introduced in Section 3, parameterized
complexity theory introduces a method called parametric reduction (see Fig. 8 for an illustration). A
parametric reduction from a parameterized function k1-ψ1 to a parameterized function k2-ψ2 is a reduction
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as defined in Section 3 with the additional requirements that (i) the transformation from input i1 for k1-ψ1

to input i2 for k2-ψ2 is such that the size of k2 is bounded by some function g(k1) and (ii) the transformation
is computable in fpt-time O(f(k1)|i1|α). We can use the method of parametric reduction to prove a function
k1-ψ1 to be in FPT as follows: Take a parameterized function k2-ψ2 that is known to be in FPT and devise
a parametric function from k1-ψ1 to k2-ψ2. This suffices to prove k1-ψ1 ∈ FPT, since k1-ψ1 can then be
computed in fpt-time by first transforming its input into an input for k2-ψ2, next computing the output of
k2-ψ2 and transforming that output into the corresponding output for k1-ψ1. Using this method it can be
shown that |C−|-ψCoh, s-ψCoh, and u-ψCoh are all fixed-parameter tractable.7 This means that computing
function ψCoh is computationally tractable for all networks with high or low level of coherence and all
networks with relatively few negative constraints.9

Establishing fixed-parameter intractability is a bit more tricky and often only possible relative to some
conjecture, like P 6= NP, that is believed to be true but sofar unproven. Analogous to the classical complexity
class NP that encloses P, parameterized complexity theory introduces a complexity class W[1] that encloses
FPT (see Downey & Fellows, 1999, for a definition of the W[1] class). It is widely believed that there
exist parameterized problems in W[1] that are fixed-parameter intractable and thus that FPT 6= W[1] (see
also Fig. 9). This conjecture is, among other things, motivated by the observation that there exist W[1]-
hard functions. A parameterized function k-ψ is W[1]-hard if any parameterized function k′-ψ′ in W[1]
can be transformed to k-ψ via a parametric reduction (functions that are W[1]-hard and in W[1] are called
W[1]-complete). Note that membership of any W[1]-hard problem in FPT would imply that FPT = W[1].
Therefore, assuming FPT 6= W[1], proving that a function ψT is W[1]-hard is proving that ψT /∈ FPT. In
the remainder of this paper, we will work under the assumption that FPT 6= W[1].

Proving W[1]-hardness is facilitated by the fact that hundreds of parameterized functions are already
known to be W[1]-hard (see, e.g., Downey & Fellows, 1999, and the online compendium of Parameterized
Complexity Results); a parametric reduction from any one of those functions to k-ψT suffices to prove the
latter W[1]-hard as well. Using the method of parameterized reduction we can prove, for example, that
|C+|-ψCoh is W[1]-hard. This means ψCoh is not fixed-parameter tractable for the parameter |C+|, which
in turn means that limiting the input domain to constraint networks with relatively few positive constraints
does nothing substantially to make the computation of ψCoh easier.

Before closing this section, I would like to draw the reader’s attention to the nature of the relationship
between the classes P, NP, FPT and W[1]. In relating these classes, it is important to keep in mind that
W[1] and FPT are classes of parameterized functions, while NP and P are classes of (non-parameterized)
functions. The relationship between W[1] and NP can be understood as follows. Let PAR(NP) denote
the set of all possible parameterizations of function in NP, and let PAR(P) denote the class of all possible
parameterizations of functions in P, then PAR(P) ⊆ PAR(NP) and PAR(P) ⊆ FPT ⊆ W[1]. Fig. 10
illustrates these relationships.

5.1. Putting the FPT-Cognition thesis into Practice

Having argued that the FPT-Cognition is a better (less restrictive) formalization of the Tractable Cog-
nition thesis, we now consider how the FPT-Cognition thesis might be usefully employed in psychological
practice.

Let me start by emphasizing that by replacing the P-Cognition thesis with the FPT-Cognition thesis I
do not mean to argue that NP-hardness results are of no significance for cognitive science. On the contrary,
the FPT-Cognition thesis, like the P-Cognition thesis, recognizes that an NP-hard function ψT : I → O
cannot be practically computed in all its generality and requires a Theory Revision response as discussed in
Section 4. That is, if a cognitive system is computing ψT at all, then it must be computing some restricted
version ψT ′ : I ′ → O where I ′ ⊂ I; otherwise the cognitive system must be computing some other function
ψT ′ , where ψT ′(i) 6= ψT (i) for some i ∈ I. The difference lies in what the two theses consider to be feasible
hypotheses for ψT ′ . According to the P-Cognition thesis, ψT ′ must be polynomial-time computable, whereas
the FPT-cognition thesis only requires that ψT ′ is fixed-parameter tractable for one or more input parameters
that are small in practice.

Let me also comment on the qualification “small in practice” in the definition of the FPT-Cognition
thesis. This qualification is motivated by the observation that speed of an fpt-algorithm depends both on
(a) the exact form of the function f(k) in the running time and (b) the range of values that k may take in
practice. For example, the range of feasibility for k is different for an fpt-algorithm that runs in O(2k|i|)
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than for an fpt-algorithm that runs in, say, O(k!|i|). The formal theory of parameterized complexity can help
determine bounds on the function f(k), but estimates of bounds on the parameter k itself must be informed
by psychological theory and empirical observation. Although the qualification may seem to make the FPT-
Cognition less formal than the P-Cognition, one is reminded that implicitly the P-Cognition is also assuming
that the constants in the polynomials are small; clearly a polynomial running time of O(|i|α) is unfeasible
if, say, α ≥ 10 (see, e.g., Column 3 in Table 3). More importantly, one must keep in mind that formalism
should not come at the expense of realism and applicability. The informal requirement that parameters be
relatively small is exactly what brings the FPT-Cognition thesis much closer to psychological reality than
the P-Cognition thesis. Many natural cognitive functions have input parameters that are of qualitatively
different sizes. Ignoring these qualitative differences, and treating the input always as one big “chunk”
makes complexity analysis completely vacuous for purposes of psychological science. The FPT-Cognition
thesis recognizes that different input parameters differentially contribute to a function’s computational com-
plexity and encourages the cognitive scientist to systematically study this interaction between function and
parameters.

The FPT-Cognition thesis, then, should not be seen as a simple litmus test for distinguishing feasible
from unfeasible computational-level theories. On the contrary, the FPT-Cognition thesis, as I propose it
here, is meant to stimulate active exploration of natural input parameters of cognitive capacities and to
systematically study how they contribute to computational complexity of computational-level theories. It is
only when we know how the complexity of a function depends on its problem parameters that we can have
a solid understanding of its computational complexity in practice. Ideally, a cognitive scientist confronted
with the intractability of his/her computational-level theory would proceed as follows:

1. make explicit assumptions about (bounds on) the range of values that relevant input parameters can
take in reality;

2. analyze the parameterized complexity of the theory for all relevant input parameters that can reason-
ably be assumed to be much smaller than the whole input size;

3. derive predictions from function restrictions to tractable parameter ranges and put them to an empirical
test;

4. if no tractable parameter ranges can be found, or none that passes empirical tests, then revise the
theory and return to step 1.

Because the tractability requirement in step 3 of this cycle can force theory predictions that otherwise could
not be derived, implementing the FPT Cognition in modeling practice as suggested here helps psychologists
perform more rigorous tests of their computational-level theories and as such it helps reduce the degree of
the empirical underdetermination of computational-level theories.

6. Possible Objections

It is my experience that the ideas expressed in this article often give rise to questions and/or criticisms
by cognitive scientists and psychologists. This section discusses 11 common objections that I encountered
in discussions with colleagues. By facing these objections head on I hope to clarify what the Tractable
Cognition thesis can do for us and what it cannot do. Furthermore, I hope to convince the skeptics that the
concerns that they raise about the validity of Tractable cognition thesis, or its proposed formalization, are
often based on misconceptions or uninformed intuitions. Each of the objections that I discuss in this section
arises from a particular theoretical perspective. I distinguish between three perspectives: The perspective of
(A) a researcher who subscribes to the P-Cognition thesis, but who questions the FPT-Cognition thesis; (B)
a researcher who subscribes to the computational approach to cognition, but who questions the Tractable
Cognition thesis; and (C) a researcher who does not subscribe to the computational approach to cognition.
I indicate for each objection the perspective from which I believe it arises.

6.1. The Empiricist Objection

(Perspective B or C) Cognitive models should be evaluated on how well they explain empirical
data, not on their a priori plausibility.
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This objection is often raised by experimental psychologists, who may feel that the Tractable Cognition thesis
is a rationalist attempt to accept or reject cognitive models solely on theoretical grounds, a practice that
would seem to contradict all that experimental psychology stands for. But the Tractable Cognition thesis is
not intended to replace empirical evaluation of cognitive models at all. It is well understood that, in the end,
all cognitive models must stand the test of empirical scrutiny. To optimally benefit from both tractability and
empirical constraints on cognitive models I have even argued that tractability testing and empirical testing
should be interlaced (see Section 5.1). What the Tractable Cognition thesis does offer is a way of recognizing
computationally unfeasible cognitive models or model variants that can be rejected even before they need to
be put to an empirical test. Even if such a computationally unfeasible model were to fit the empirical data
it would not be able to explain the data, because explanation requires more than fit alone (Cummins, 2000).
For example, the model should make insightful how the cognitive capacity could generate the observed data,
which a computationally unrealistic model cannot. In sum, the Tractable Cognition thesis helps constrain
the vast space of possible cognitive models one may postulate for any given cognitive capacity. This seems
particularly helpful since many such models are about unobservable, or only indirectly observable, cognitive
processes, and thus they are typically vastly underconstrained by the available observational data (see also
Anderson, 1987, 1990).

If one is a non-computationalist (Perspective C) then one may not recognize the tractability constraint
on cognitive models. In that case refer to my response to the Cognition-is-not-Computation Objection below.

6.2. The Cognition-is-not-Computation Objection

(Perspective C) Computational complexity theory has nothing to offer cognitive science, since
cognition is not computation.

What is meant by this objection depends crucially on the meaning of the phrase “cognition is not computa-
tion.” I believe the phrase is associated with a multitude of meanings. In my reactions below, I distinguish
between four possible versions of the objection.

Version 1: Complexity analysis does not apply to cognition because cognition is not symbolic
computation.

In cognitive science, the terms computation and computationalism have become associated with the symbolic
tradition, and sometimes even with particular models in this tradition (e.g. Anderson, 1987; Fodor, 1987;
Newell & Simon, 1988a, 1988b; Pylyshyn, 1984, 1991). All that the Tractable Cognition thesis requires, how-
ever, is a commitment to a minimal computationalism (Chalmers, 1994). Many theories that are considered
‘non-computational’ may still fall under the heading of computationalism in this broad sense. For example,
despite their presumed ‘non-computational’ status (e.g. Port & van Gelder, 1995; Thelen & Smith, 1994;
van Gelder, 1995, 1998, 1999), dynamical systems models can be subjected to computational complexity
analysis (Siegelmann & Sontag, 1994).

Version 2: Complexity theory does not apply to cognitive systems, because cognitive systems do
not realize input/output functions.

In this article we assumed that cognitive capacities can be understood (at Marr’s computational level) as
the computation of input/output functions. It may be, however, that the purpose of some (or all) cognitive
systems is not to compute any input/output functions at all. Instead, their purpose may be to cycle through
a set of states indefinitely, without ever halting and producing an output (cf. Levesque, 1988, p. 385).
Such processes may seem to fall outside the scope of the Tractable Cognition thesis. However, this is
not necessarily the case. Even unhalting or cyclical processes can be conceptualized as computations of
input/output functions where the inputs and outputs are internal states. Consider, for example, those
processes whose functionality is to maintain certain (representational) states over time or to ensure that
certain system values do not grow out of bounds (e.g., homeostatic processes). Such so-called “maintenance”
computations are similarly constrained by the requirement of tractability and models about them can be
subjected to the same types of computational complexity analyses as standard input/output computations
(see, e.g, Dunne, Laurence, & Wooldridge, 2003; Wooldridge & Dunne, 2005).
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Version 3: Cognitive functions need not be computationally tractable, because cognitive systems
realize their input-output mappings via non-computational means.

Some non-computationalists do not question that cognitive capacities realize input/output mappings (i.e.,
they do not subscribe to Version 2), but they propose that cognitive systems realize such mappings in ‘non-
computational’ ways (e.g. Horgan & Tienson, 1996; Krueger & Tsav, 1990). On this view, cognitive functions
need not be computationally tractable. Be that as it may, the non-computationalist is faced with the problem
that non-computationalist explanations seem to be made of mysterious stuff and lack explanatory value (see
also Cherniak, 1986; Levesque, 1988). John Tsotsos puts it as follows:

“Experimental scientists attempt to explain their data, not just describe it (...) There is no
appeal to non-determinism or to oracles that guess the right answer or to undefined, unjustified,
or “undreamed of” mechanisms that solve difficult components. Can you imagine theories that
do have these characteristics passing a peer-review procedure?” (Tsotsos, 1990, p. 466).

In a similar vein, Prasse and Rittgen (1998) object to Wegner’s (1997) claim that ‘interactive machines’ would
be able to exceed the computing powers of Turing machines by performing ‘non-algorithmic procedures’.
Prasse and Rittgen explain how the purported non-algorithmic aspects of ‘interactive machines’ seem to
be an artifact of Wegner leaving the process of interaction unmodeled, undefined, and hence unexplained.
They furthermore illustrate that existing well-defined models of interactive computability are known not to
supersede Turing computability (see also Wegner & Eberbach, 2004; Cockshott & Michaelson, 2005).

Version 4:Complexity theory does not apply to cognition, because computation is an altogether
wrong way of thinking about cognition.

This last version of the Cognition-is-not-Computation Objection represents the non-compu- tationalist that
is not persuaded by any of my reactions to Versions 1-3. In my opinion, even this researcher should ap-
preciate the contribution that the Tractable Cognition thesis makes to cognitive science. Namely, a non-
computationalist can still recognize that tractability is a constraint on computational theories of cognition.
Then the Tractable Cognition thesis offers the non-computationalist a way of evaluating the success of his/her
competition. If, in the long run, human cognition systematically defies tractable computational description
then this can be taken as empirical support for the idea that computation is the wrong way of thinking
about cognition.

6.3. The Super-Human Objection

(Perspective B or C) Humans are known to perform tasks that are computationally intractable.
This goes to show that tractability is not a constraint on human computation.

Some cognitive tasks that are performed effortlessly by humans are presently being modelled by computa-
tional intractable functions (e.g., Haselager, 1997; Oaksford & Chater, 1993, 1998; see also Table 2). Some
researchers interpret this as evidence that people can realize computationally intractable capacities (e.g.
Siegel, 1990). In my view the argument is flawed. There are two possibilities: either one is a computa-
tionalist (Perspective B) or one is not (Perspective C). If one is, then one should concede that either the
capacities are incorrectly modelled (i.e., requiring a Theory Revision response as discussed in Section 4) or
that the wrong criterion for tractability has been adopted. If one is not a computationalist, then one does
not recognize that the models truly capture the nature of the capacity in the first place, and thus their
classification as ‘intractable’ is irrelevant to the conceptualization of the capacity (unless Version 3 of the
Cognition-is-not-Computation Objection applies. In that case see my response to that objection above).

6.4. The Heuristics Objection

(Perspective B) Humans often use heuristics instead of exact algorithms. Then intractability is
not an issue.
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In my response to this objection I distinguish between two possible meanings of the word ‘heuristic’, one
pertaining to the computational level of explanation (heuristic1) and one pertaining to the algorithmic level
(heuristic2). I will argue that the objection is unfounded for both meanings.

An input/output function postulated at Marr’s computational level may be a heuristic1 procedure for
solving a real-world problem (assumed to be) faced by the cognitive system. This heuristic1 does not
guarantee that the problem is always solved in all situations, but it is believed to solve the problem often
enough or close enough to be of practical use. It is a mistake to think that such a heuristic1 is always
computationally cheap or even tractable. Take, for example, the problem faced by people to decide what
to believe and what not. There does not seem to exist any procedure that given observations about the
world produces only true (non-trivial) beliefs. Coherentists propose that a good heuristic1 for coming to
have many true beliefs is to maximize the coherence among one’s beliefs and observations. But note that,
despite its heuristic1 status, the computational level model of Thagard for coherence maximization, ψCoh, is
known to be computationally intractable (i.e., NP-hard). According to the Tractable Cognition thesis, we
can thus reject the heuristic1 ψCoh as a descriptive theory of human coherence maximization.

One may object that a heuristic1 being computationally intractable does nothing to affect its descriptive
validity at the computational level because humans may “approximate” heuristic1 using a heuristic2, i.e.,
an inexact procedure postulated at the algorithmic level. This approach is indeed the one pursued by
Thagard upon finding that ψCoh is intractable. Because I already explained in Section 4 why this approach
is explanatorily incoherent (see also van Rooij & Wright, 2006), I mainly restate the conclusions of that
discussion here: A heuristic2 H for ψCoh does not compute ψCoh but rather some other function ψ′Coh

(which may be superficially similar to ψCoh, but still importantly different, since one can be intractable
while the other is not). Therefore, it is ψ′Coh, and not ψCoh, that should be adopted as the computational
level model if H is adopted as algorithmic level theory. Note that H hereby ceases to be a heuristic2 and
instead becomes an exact algorithmic level explanation of how the system computes heuristic1 ψ′Coh, as it
should be. Now observe that, if H is tractably computable, then so is ψ′Coh.

6.5. The Average-case Objection

(Perspective B) A computation that is classified as intractable on a worst-case analysis may still
be tractable in practice. An average-case measure of complexity should be used instead.

In this paper we have adopted a worst-case measure of complexity, in the sense that the complexity of an in-
put/output mapping is defined by its hardest input. This measure is appropriate for assessing (in)tractability
of computational-level models, because for a computation to be tractable it must be tractable for all it pos-
sible inputs, including the worst-case input. One possible objection may be that the worst-case input may
never happen in practice, and that therefore the worst-case complexity measure overestimates the real com-
plexity of the computational-level theory. This objection becomes self-contradictory, however, once we accept
that the hypothesized input domain is part of the computational-level theory (as I have done throughout
this paper): the cognitive modeler postulating a computational-level theory ψT : I → O is by definition
assuming that every input i ∈ I can happen in practice. If there were to exist any input i ∈ I for which the
modeler believed it could not or does not happen in practice, then he/she should instead postulate a different
computational-level theory ψT ′ : I ′ → O where input domain I ′ ⊂ I is restricted so as to exclude those inputs
not assumed to occur. The new theory ψT ′ again has its own worst-case inputs. Clearly, a modeler could
mistakenly be assuming that an input situation i arises in the real-world when in fact it never does. Then a
worst-case analysis of the computational-level model could indeed overestimate the worst-case complexity of
the computation performed by the relevant cognitive capacity in the real-world. But this mismatch would
be due to a mistake on the side of the modeler in hypothesizing the capacity’s input domain, not a reason
to object to worst-case analysis. After all, both the computational-level theory and the real-world capacity
have a worst-case scenario, and the problem here is that the two worst-case scenarios do not match up, not
that an average-case analysis of the computational-level theory would have been more appropriate.

This is not to say that average-case complexity is never a preferred measure of complexity. It may very
well be for purposes other than assessing tractability, for example, when a cognitive psychologist is interested
in comparing the time-complexity of different (tractable) algorithmic-level explanations with reaction time
data obtained via experimentation. In this case, comparing mean reaction time with the algorithms’ average-
case complexity may be more informative than comparing it with their worst-case complexity (cf. Dry, Lee,
Vickers, & Hughes, 2006; Pizlo, Stefanov, Saalweachter, Li, Haxhimusa, & Kropatsch, 2006).
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6.6. The Parallelism Objection

(Perspective B) Cognitive computation is (to a large extent) parallel, not serial. A function that
is intractable for a serial machine need not be intractable for a parallel machine.

The complexity measures adopted in this paper are defined with reference to computation by serial Turing
machines. Nevertheless, the arguments put forth here for the Tractable Cognition thesis can naturally be
extended to include parallel computation (see also Frixione, 2001). From a complexity perspective the differ-
ence between serial and parallel computation may be quite insubstantial as far as tractability is concerned.
To illustrate, let us first consider a parallel machine M with c processing channels, such that M computes
a given serial computation by performing c steps in parallel (i.e. simultaneously).11 Further, let ψT be an
input/output function with time-complexity O(f(n)), where n = |i| is a measure of input size. Then M

computes ψT at best in time O( f(n)
c ). Note that, if c is a constant, then the speed-up due to parallelization

is by a constant factor only, and O( f(n)
c ) = O(f(n)). The speed-up factor c can be taken into account in the

analysis—there is nothing inherent in complexity theory that prevents one from doing so—but if f(n) is a
non-polynomial function then the speed-up due to c becomes negligibly small very fast as input size n grows
(see also Table 1). This means that non-polynomial-time complexity computations are unrealistic also for
parallel machines, for all but small inputs. The same is true if c is bounded by some polynomial function
of n. If c were to grow non-polynomially as a function of n, then O(2n

c ) = O(f(n)) may be a polynomial
running-time. In that case indeed time would no longer be a limiting factor, but the space required for
implementing the astronomical number of parallel processing channels would be.

In other models of parallel computation, the speed up due to a constant c need not be constant, but
may grow with n. This is the case, for example, in the parallel random access machine (P-RAM) model,
where a parallel machine M is assumed to have available c processors that can all communicate to each
other in constant time (e.g. Gibbons & Rytter, 1988). Although such a parallel machine can compute
certain computations faster than a serial Turing machine, the difference in speed between the two machine
models is never more than a polynomial amount of time, and hence negligible for non-polynomial time
computations (see, e.g., Jaja, 1992; van Emde Boas, 1990). The same is true for other reasonable models of
parallel computation (e.g., circuits, Parberry, 1994; neural nets, Siegelmann & Sontag, 1994). In general, it
is believed that for any reasonable parallel machine the speed-up due to c will be by at most a polynomial
amount and hence the Invariance thesis applies both to serial and parallel computation (Frixione, 2001;
Parberry, 1994; Tsotsos, 1990). This means that, if the Invariance thesis is true, then parallel machines
cannot compute functions outside P in polynomial-time nor compute parameterized functions outside FPT
in fpt-time.

6.7. The Non-Determinism Objection

(Perspective B or C) Cognitive systems are not deterministic machines, and thus functions that
are intractable for deterministic machines may still be tractable for cognitive systems.

The complexity measures that we adopted in this paper are defined with reference to computation by
deterministic Turing machines. If indeed P 6= NP, then we know that there exist functions that cannot be
computed in polynomial-time by any deterministic Turing machine, but that can be computed in polynomial-
time by a non-deterministic Turing machine. This shows that non-deterministic computations can be more
powerful than deterministic computations, at least as far as polynomial-time computability is concerned.10

This observation has been misinterpreted by some researchers as showing that probabilistic or randomized
computation is more powerful than deterministic computation (see e.g. Martignon & Hoffrage, 2002). This
is an invalid inference, however, presumably based on an equivocation on the word ‘non-determinism’. Below
I clarify the important difference between non-determinism as it is understood in computation theory and
non-determinism as it applies to probabilistic models of mind.

In computation theory, a non-deterministic Turing machine is one which can pursue an unbounded
number of possible computation paths in parallel (see Appendix A). Such a non-deterministic machine M
“computes” a function ψ : I → O if for all i, at least one of the possible paths leads to an output corresponding
to ψ(i). In other words, M can be seen as a serial “oracle” that always knows (magically) which guess to
make at every fork in the road. This conceptualization makes clear why non-deterministic Turing machines
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are generally not considered reasonable models of resource-bounded computation. Consider a probabilistic
interpretation of M , called M ′, which has exactly the same set of possible computation paths as M , but
in contrast to M , machine M ′ can make random guesses about which computation paths to pursue. Such
a probabilistic machine M ′ is said to “compute” a function ψ : I → O with high probability if for all i the
probability that the output of M ′ corresponds to ψ(i) is large (e.g., approaches 1). Now note that, if M has
an arbitrarily large number of possible computation paths, corresponding to an arbitrarily large number of
possible outputs for M ′, then the probability that M ′ “guesses” the right output for any given input can
be arbitrarily small. This means that the non-deterministic computation power of M is not automatically
matched by the probabilistic computation power of M ′.

This is not to say that probabilistic computational models of cognitive systems are impractical or useless.
On the contrary, they may very well provide better models of certain cognitive systems than deterministic
models. But one should not be fooled into thinking that probabilistic machines have the same abilities as
non-deterministic machines. Even if it turns out that probabilistic machines have different abilities than
deterministic machines, this does not obviate complexity analyses in cognitive psychology. Tractability is as
much a requirement on probabilistic computation, as it is on deterministic computation. Moreover, current
theoretical investigations into the computational power of probabilistic computation are generating evidence
that NP-hard input/output functions cannot be computed in polynomial-time by probabilistic machines
unless P = NP. This provides hope that formalizations of the Tractable Cognition thesis for deterministic
cognitive computations can be generalized directly to a formalization of the thesis for probabilistic cognitive
computations.

6.8. The Quantum Computing Objection

(Perspective B) Cognitive systems may have quantum computing powers, and if they do then they
can efficiently compute functions that are intractable for classical computing machines.

This objection is in a sense a combination of the Parallelism Objection and the Non-determinism Objection,
as a quantum computer is a (theoretical) machine that performs a probabilistic computation using a (po-
tentially unbounded) number of parallel channels. For the formalisms underlying this non-classical model
of computation, I refer the reader to Deutsch (1985), Fortnow (2003), and Arora & Barak (in press). The
following informal characterization may suffice to support the reader’s intuitions about the nature and com-
putational powers of quantum computers: A quantum computer can be thought of as a non-deterministic
TM where each computation path exists in a different, parallel universe (or, mathematically equivalently,
each path exists only in potentiality in this universe). To decide which of the potentially many paths is to
be selected as the actual computation a quantum computer can resort to a process called “quantum inter-
ference”, which is a computational operation that can only expensively be simulated by a deterministic TM
by considering all possible computational paths explicitly (for an explanation of the workings of “quantum
interference” see Arora & Barak, in press).

Let us now analyse the Quantum Computing Objection into its two component parts and assess their
respective plausibility. First, how likely is it that cognitive systems have quantum computing powers? At
present, there is no evidence that human brains can reliably utilize quantum effects for purposes of cognitive
computation and there is some evidence that they cannot (Grush & Churchland, 1995; Litt et al., 2006).
For one, the physical conditions required for stable superimposed states and error-free quantum interference
do not seem to be met by the physical milieus that exist in human brains (Litt et al., 2006). Also, as argued
by both Litt et al. (2006) and Grush and Churchland (1995), there are as of yet no examples of cogni-
tive phenomena that are amenable to quantum computational modeling but not to classical computational
modeling. For example, arguments made by Penrose (1994, 1997) that Gödel’s first incompleteness theorem
would imply that human mathematical understanding requires non-computable (and presumably quantum
type) processes in the brain turn out to be fallacious (Grush & Churchland, 1995). Be that as it may,
we cannot completely rule out the possibility of quantum computing powers in human brains. So we may
ask, if we grant part (1) of the objection, to what extent is there substance to part (2): i.e., Can quantum
computers really compute intractable functions?

As the informal characterization given above may make clear, a quantum computer can potentially draw
upon an exponential number of computation channels while using at most polynomial amount of space (in any
given universe). In other words, quantum computation can lead to an exponential speed-up, without being
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subject to the same criticism as classical parallel machines (see my response to the Parallelism Objection).
This ability has been misread by some researchers as implying that quantum computers can compute NP-
hard problems in polynomial-time (Narayanan, 1999; Kak, 2000). This overlooks the computational limits
of “quantum interference”. It is true that there can exist functions outside P that quantum computers may
be able to compute in polynomial-time. The so-called Integer Factorization problem (Shor, 1997) provides
an example: No polynomial-time algorithm is known (nor believed) to exist for Integer Factorization, yet
the problem is efficiently computable by a quantum computer. Contrary to claims made by Narayanan
(1999), however, Integer Factorization is not (known to be) NP-hard. There are an infinite number of
complexity classes inbetween P and NP (Garey & Johnson, 1979; of course, unless P = NP), and the Integer
Factorization problem belongs to one such class, known as BQP, where it is conjectured that P ⊂ BQP ⊂
NP (informally, BQP is the class of polynomial-time quantum computations). There is no NP-hard problem
known to be polynomial-time quantum computable, and assuming BQP ⊂ NP, no such NP-hard problem
can exist. Moreover, there are few problems outside P known to be amenable to polynomial-time quantum
computation. In sum, even if BQP were used as a formalization of the Tractable Cognition thesis, it would
instantiate a much more restricted relaxation of the P-Cognition thesis than the FPT-Cognition thesis. After
all, many NP-hard problems are known to be fixed-parameter tractable for one or more parameters.

6.9. The Small-Inputs Objection

(Perspective B) For some cognitive capacities, the size of the input is small in practice. In those
cases intractability is not an issue.

Although the statement is true, it should not be considered an objection to the Tractable Cognition thesis.
For example, the statement is perfectly in line with the FPT-Cognition thesis, because all input/output
functions are in FPT when parameterized by their input size. Thus, if the input size is small then, on
the FPT-Cognition thesis, the problem is classified as tractable. It should be noted that also no one who
subscribes to the P-Cognition thesis would claim that tractability is an issue if input size is small. The
problem is, of course, that for many cognitive capacities the size of the input as a whole is not small (or at
least not small enough; see, e.g., Thagard & Verbeurgt, 1998; Tsotsos, 1990). It is then that the P-Cognition
thesis and the FPT-Cognition thesis diverge (compare Tables 1 and 3).

6.10. The Nothing-New Objection

(Perspective A) The requirement that a computational-level theory be in FPT for some “small”
input parameters is not essentially different from the requirement that the theory is in P for a
restricted input domain.

The claim reflects a misunderstanding about the relationship between P and FPT. Parameterization is not the
same as input restriction; it just determines how we analyze and express the complexity of an input/output
function. Recall that parameterized complexity theory expresses a computation’s time-complexity as a func-
tion of both input size |i| and a specified parameter k. If a computational-level theory ψT , with input
parameter k, can be computed by an algorithm that runs in time O(f(k)nα), with n = |i|, then the param-
eterized function k-ψT is said to belong to the class FPT. It is important to realize that in this analysis the
value of k is not fixed to be constant—it remains a variable just like |i|.12 It is true that if we were to fix
k to be constant then O(f(k)nα) would be O(nα), and thus polynomial time, but the same is true also for
some fixed-parameter intractable problems; e.g., a running time O(nk) is not fpt-time for parameter k but is
polynomial-time if k is a constant. This means that the requirement that a computational-level theory be in
FPT for some small parameter k is more stringent than the requirement that a computational-level theory
is in P for constant k. At the same time, the requirement that the computational-level theory be in FPT
for some small parameter k is more lenient than the requirement that the computational-level theory be in
P. The FPT-Cognition thesis is thus really a new and importantly different formalization of the Tractable
Cognition thesis.

6.11. The Too-Liberal Objection

(Perspective A) Polynomial-time computability is already a too liberal constraint on computational-
level theories. Thus the FPT-cognition thesis only makes matters worse.
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Some researchers subscribe to the idea that most, if not all, (higher-order) cognitive functions are of extremely
low complexity (e.g. Gigerenzer & Goldstein, 1996; Martignon & Hoffrage, 2002; Martignon & Schmitt,
1999; Todd & Gigerenzer, 2000). For example, cognitive computations “requiring more than a quadratically
growing number of computation steps already appear to be excessively complicated” to Martignon and
Schmitt (1999, p. 566). To such researchers, the proposal that cognitive systems perform non-polynomial fpt-
time computations may seem outrageous: If the P-Cognition thesis is already too liberal, then its relaxation
in the form of the FPT-Cognition thesis may seem to only make matters worse. Two responses to this Too-
liberal Objection can be made. First, for purposes of constraining the space of feasible cognitive theories,
it is better to use a (slightly) more liberal criterion for formalization than a too strict formalization, since
the latter will risk excluding veridical theories from consideration. It is for this reason that I have proposed
to replace the P-Cognition thesis by the relaxation in the form of the FPT-Cognition thesis. Second, it is
not true that fpt computation is necessarily of higher complexity then a polynomial-time computation—all
depends on the size of the parameters and the function describing the algorithm’s running time. Fig. 11
illustrates, for example, how an algorithm that runs in non-polynomial fpt-time can be much faster than an
algorithm that runs in polynomial time, provided only that the parameter k is small.

7. Conclusion

This paper can be seen as one of several attempts to establish computational complexity theory as a
standard analytic tool in cognitive science for analyzing computational-level theories (see e.g. Frixione,
2001; Levesque, 1988; Tsotsos, 1990, van Rooij, Stege, Kadlec, 2005, for other attempts). Large-scale
utilization of this tool requires both a recognition of its value and the means to use it. With this paper I
hope to have contributed on both accounts.

I have separated the formulation of the informal Tractable Cognition thesis (that human cognitive ca-
pacities are confined to those input/output functions that can be realized using a realistic amount of com-
putational resources) from the question of how the thesis best be formalized. Until now the informal thesis
and its formalization in terms of the P-Cognition thesis have always been conflated, making it hard to assess
the arguments for or against one and the other. The conceptual separation made in this paper helps open
up and clarify such debates. On the one hand, it affords a consideration and discussion of the in principle
utility of a tractability constraint independent from particular theories of computational complexity. On the
other hand, it allows for the utility of different possible formalizations for constraining computational-level
cognitive theories to be assessed against the background of an accepted in principle tractability constraint.

The treatment makes clear that the P-Cognition thesis, dominant in current cognitive science, is but
one possible formalization of the Tractable Cognition thesis. Moreover, it is arguably not even a good
formalization. Namely, according to the P-Cognition thesis all computational-level theories that require
exponential-time (or, in general, super-polynomial time) algorithms should be rejected on theoretical grounds.
This overlooks the possibility that exponential-time algorithms can run fast, provided only that the super-
polynomial complexity inherent in the computation be confined to one or more small input parameters. Given
that cognitive input domains are typically characterized by many different input parameters of widely varying
ranges, the younger branch of computation theory—called parameterized complexity—can serve cognitive
scientists in characterizing the computational resource requirements of different computational-level theories.

Taking these considerations into account, I have proposed to formalize the Tractable Cognition thesis
in the form of the FPT-Cognition thesis. The FPT-Cognition thesis recognizes that NP-hard functions
cannot be tractably computed for all possible input domains (staying true to the spirit and motivation for
the P-Cognition thesis), but at the same time acknowledges that certain exponential-time computations
can be computationally feasible for many cognitively relevant input domains (relaxing the requirement
of polynomial-time computation imposed by the P-Cognition thesis). Because the FPT-Cognition thesis
instantiates a relaxation of the P-Cognition thesis, its ability to constrain the space of feasible computational-
level theories in cognitive psychology is somewhat weaker than that of the P-Cognition thesis. Be that
as it may, the FPT-Cognition thesis is safer to use, because it does not risk the exclusion of veridical
computational-level theories in the way that the P-Cognition thesis does.

It is very well possible, and arguably desirable, that future theoretical research and considerations will
lead to refinements of the FPT-Cognition thesis. One way of improving the constraining power of the FPT-
Cognition thesis, for example, is by bringing in assumptions about the cognitive and/or neural architecture
assumed to underly cognitive capacities: If a cognitive capacity ψ is believed to be implemented by an
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architecture of type A then the computational-level theory ψT is to be a function computable in fpt-time by
at least one possible instantiation of architecture A. Such a refinement is not in contradiction to the FPT-
Cognition thesis as I formulated it here, but merely helps shrink the space of feasible cognitive theories,
possibly leaving even fewer possibilities to consider than existed under the P-Cognition thesis without such
architectural constraints. Given the inevitable empirical underdetermination of computational-level theories
this kind of refinement would make for a welcome adjustment.

It cannot be ruled out that future research exposes problems with the FPT-Cognition thesis or otherwise
leads to the development of alternative, competing formalizations of the Tractable Cognition thesis. Here
I considered the possibility of alternative formalizations based on parallel, probabilistic or quantum com-
puting models. Current mathematical research strongly suggests that the computational power of parallel
and probabilistic computational machines is directly comparable to deterministic Turing machines. As for
quantum computing models, there are strong arguments for why these models may be unrealistic as models
of human cognition, and in any event the computational powers of quantum computers do not far exceed
those of classical computing machines. In all, this means that it is unlikely that different choices in machine
models alone will lead researchers to prefer alternative formalizations over the FPT-Cognition thesis. Still,
other formalizations may prove better for other reasons, and only future research on the topic can tell. With
this paper, I hope to have laid the groundwork for future meta-theoretical and formal research investigating
the Tractable Cognition thesis and its applications in cognitive science.

In the mean time, the tools and proof techniques described here can already be used by cognitive scientists
to position their own theories relative to the two notions of tractability discussed in this paper. Those cogni-
tive scientists who agree with me that fpt-time computation is a reasonable upperbound on human cognitive
computational powers can use the FPT-Cognition thesis to constrain and revise their computational-level
theories as suggested in Section 5.1. Doing so will not only allow these researchers to perform stronger em-
pirical tests of their theories, but the resulting computational-level theories will have the theoretical strength
that we can reasonably assume that algorithmic- and implementational-level explanations of the modelled
capacities can one day exist.
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Footnotes

1 The last possibility being more of interest to artificial intelligence (AI) than to cognitive psychology.
2 Sometimes claims about super-Turing computing powers are made in the cognitive science literature

without any reasonable argument or even a reference (e.g. van Gelder, 1999), and very often the distinction
between computability (as discussed in this section and formalized by Turing) and computational tractability
(as discussed in Sections 3 and 5 in this paper) is muddled or ignored (e.g. van Gelder, 1998). It is true
that results about super-Turing computing can be found in the theoretical computer science literature (e.g.
Siegelmann & Sontag, 1994). However, these results seem to depend crucially on the assumption of infinite
precision (or infinite speed-up; e.g. Copeland, 2002), and thus the practicality of these results can be
questioned. Furthermore, even if infinite precision is possible in some physical systems, it may still not be
possible in human cognitive systems (cf. Chalmers, 1994; Eliasmith, 2000, 2001). Lastly, even if infinite
precision is possible for some variables in cognitive systems, the super-Turing computing powers do not
necessarily extend when tractability constraints are imposed (see Siegelmann & Sontag, 1994).

3 Frixione (2001) uses the term ‘Invariance thesis’ to express both the Invariance thesis itself and, what I
will call, the Tractable Cognition thesis (Fig. 3). Since I intend to investigate two alternative formalizations
of tractability in this paper (viz., classical and fixed-parameter tractability), whereas Frixione (2001) only
considers one option (classical tractability), I purposely divorce the Invariance thesis from the Tractable
Cognition thesis.

4 The reader is advised that what I call classical complexity theory is typically referred to as (computa-
tional) complexity theory in both the computer science and cognitive science literature. Because I wish to
contrast this theory with a newer form of complexity theory, called parameterized complexity theory, I refer
to the earlier theory as “classical.”

5 The classes P and NP are traditionally classes of decision problems: i.e., input/output functions with
only two possible outputs (“1” or “0”, or “yes” or “no”). Because decision problems and search problems
(such as the ones shown in Table 2) are closely related, we can ignore the distinction in this article. For
more details on this relationship refer to van Rooij (2003).

6 In this context it is of interest to note that Thagard also proposes that his computational-level theory
ψCoh explains why computer scientists believe that P 6= NP (Thagard, 1993).

7 It may be informative to note that Thagard’s approach complies with the standard approach for dealing
with intractability in algorithm design (which is a case of forward engineering), but as explained by van Rooij
and Wareham (in press) this approach is not appropriate for cognitive modeling (which is a case of reverse
engineering).

8 For example, it has been shown that |C−|-ψCoh can be reduced to the polynomial-time computable
problem Min-Cut (van Rooij, 2003), s-ψCoh can be reduced to the special case of s-ψCoh where the input
size is bounded by the parameter, |i| ≤ g(s) (van Rooij, 2003), and u-ψCoh can be reduced to the known
fixed-parameter tractable problem Edge-Bipartization (Stege & van Rooij, 2006).

9 It may be interesting in this context to mention that settling in a maximum harmony activation pat-
tern for a Hopfield network (see Table 2) is equivalent to computing the maximum coherence partition of
propositions in ψCoh. This means that the fpt-results reported here generalize directly also to Network Har-
mony theories: settling in a maximum harmony activation pattern in a Hopfield network is computationally
tractable if overall network harmony is high or low, or when there are relatively few negatively weighted
connections in the network.

10 This parallel machine is purely fictive, and none such parallel machine can exist for all serial compu-
tations, because it is known that some computations are not parallelizable. The point is merely to illustrate
some fundamental obstacles to tractable parallel computation of intractable serial computations.

11 When no resource bound is imposed it is known that deterministic and non-deterministic computation
is of equivalent power (see Appendix A.3).

12 In that sense, the expression ‘fixed-parameter tractability’ may be a misnomer.
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Tables

Assume 100 steps/sec. Assume 10,000 steps/sec.
|i| t(|i|2) t(2|i|) t(|i|2) t(2|i|)
2 0.04 sec 0.04 sec 0.02 msec 0.02 msec
5 0.25 sec 0.32 sec 0.15 msec 0.19 msec

10 1.00 sec 10.2 sec 0.01 sec 0.10 sec
15 2.25 sec 5.46 min 0.02 sec 3.28 sec
20 4.00 sec 2.91 hrs 0.04 sec 1.75 min
30 9.00 sec 4.1 mths 0.09 sec 1.2 days
50 25.0 sec 8.4× 104 yrs 0.25 sec 8.4 centuries

100 1.67 min 9.4× 1019 yrs 1.00 sec 9.4× 1017 yrs
1000 2.78 hrs 7.9× 10290 yrs 1.67 min 7.9× 10288 yrs

Table 1: Illustration of how a polynomial running time, t(|i|2), and an exponential running time, t(2|i|),
compare for different |i|; assuming either 100 or 10,000 computational steps per second.
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Cognitive domain Computational level theory (ψT ) References

Categorization Input: A set of objects, P , and a (dis)similarity
value for each (p, q) ∈ P ×P . Output: A partition
of P into categories such that within-category sim-
ilarity and between-category dissimilarity is max-
imum.

(Pothos & Chater, 2001,
2002; Rosch, 1973; Rosch
& Mervis, 1975)

Similarity Input: Two objects x and y and a set of transfor-
mation rules T . Output: The length of the short-
est sequence of transformation rules from T that,
when applied to x, yields y.

(Chater & Vitányi, 2003a,
2003b; Hahn, Chater, &
Richardson, 2003)

Coherence Input: A set of propositions, P , positive and neg-
ative constraints, C ⊆ P × P . Output: A truth
assignment T (P ) satisfying a maximum number of
constraints.

(Millgram, 2000; Thagard,
2000; Thagard & Ver-
beurgt, 1998; van Rooij,
2003)

Gestalt Perception Input: A string s and a decoding function f : C →
S mapping codes to strings. Output: A code c ∈ C
such that f(c) = s and the length of c is minimum.

(van der Helm, 2004; van
der Helm & Leeuwenberg,
1986, 1996)

Visual Search Input: A target T , a visual display D, and two
numbers x and y. Output: A subset S ⊆ D such
that the number of (mis)matching elements in S
and T is at least x (at most y).

(Kube, 1991; Tsotsos,
1990; van Rooij, 2003).

Defeasible Reasoning Input: A knowledge base K and a set of default
rules R. Output: All propositions p1, p2, ..., pk

derivable from K using R, such that p1, p2, ..., pk

and K are consistent.

(Oaksford & Chater, 1993,
1998; Reiter, 1980).

Bayesian Inference Input: A knowledge base K and a set of competing
hypotheses H. Output: A hypothesis h ∈ H that
maximizes the conditional probability P (h|K).

(Chater, Tenebaum, &
Yuille, 2006; Cooper, 1990;
Roth, 1996).

Decision-making Input: A set of choice alternatives P and a value
function u : S → N (where S ⊆ P and N is a set
of numbers). Output: A subset S ⊆ P such that
u(S) is maximum.

(Fishburn & LaValle,
1993, 1996; van Rooij,
Stege & Kadlec, 2005)

Language Processing Input: Surface form s, lexicon D, lexical-surface
form relation mechanism M . Output: Set of lex-
ical forms U generated by D from which M can
create s.

(Barton, Berwick, & Ris-
tad, 1987; Ristad, 1990,
1993; Wareham, 1996,
1999, 2001).

Planning Input: An initial state s, a goal state g, and a
collection of operators O. Output: A sequence of
operators that when applied to s produces g.

(Bylander, 1994; Joseph &
Plantinga, 1985; Newell &
Simon, 1988a, 1988b).

Network Harmony Input: A harmonic (e.g., Hopfield) neural net-
work. Output: An activation pattern that max-
imizes harmony.

(Jagota, 1997; Rumelhart
et al., 1986; Smolensky &
Legendre, 2006).

Network Learning Input: A neural network N and function f . Out-
put: A weight assignment to the connections in N
such that N computes f .

(Judd, 1990; Parberry,
1994, 1997)

Table 2: A sample of computational-level theories whose combinatorial search spaces are potentially super-
polynomial in |i|. (Note: For brevity, function descriptions have been simplified. See references for more
details.)
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|i| O(2|i|) O(|i|k) O(2k|i|) O(2k + |i|)
2 0.02 msec 0.10 sec 0.20 sec 0.10 sec
5 0.19 msec 16.3 min 0.51 sec 0.10 sec

10 0.10 sec 11.6 days 1.02 sec 0.10 sec
15 3.28 sec 22 mths 1.54 sec 0.10 sec
20 1.75 min 32.5 yrs 2.05 sec 0.10 sec
30 1.2 days 19 centuries 3.07 sec 0.10 sec
50 35 centuries 3.1 × 105 yrs 5.12 sec 0.10 sec

100 4.0 × 1018 yrs 3.2 × 108 yrs 10.2 sec 0.10 sec
1000 3.4 × 10290 yrs 3.2 × 1018 yrs 1.71 min 0.20 sec

Table 3: Illustration of how the running times O(2|i|), O(|i|k), O(2k|i|), and O(2k + |i|) compare for different
levels of |i| and k fixed at 10 (assuming 10,000 computational steps per second).
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Figures

Figure 1: The set of functions describing actual cognitive capacities is a subset of the set of functions
describing possible cognitive capacities.

Figure 2: On the Church-Turing thesis, the set of functions describing possible cognitive capacities is a subset
of the class of Turing-computable functions.

Figure 3: According to the Tractable Cognition thesis the set of functions describing possible cognitive
capacities is a subset of the set of tractable functions. The dotted line indicates that the set of tractable
functions remains to be formalized.
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Figure 4: According to the P-Cognition thesis the set of functions describing possible cognitive capacities is
a subset of the set of polynomial-time computable functions, P.

Figure 5: The view of NP on the assumption that P 6= NP. NP-complete problems are not in P if and only
if P 6= NP.

Figure 6: Illustration of the concept of polynomial-time reduction: The functions G and H together constitute
a reduction from ψ1 to ψ2 if and only if ψ1(i1) = H(ψ2(G(i1))). In that case the function ψ1(i1) can be
computed by first computing i2 = G(i1), then computing o2 = ψ2(i2), and finally computing H(o2) = ψ1(i1).
The reduction is a polynomial-time reduction if and only if G and H are polynomial-time computable. In
that case ψ1 is polynomial-time computable if ψ2 is polynomial-time computable.
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Figure 7: According to the FPT-Cognition thesis the set of functions describing possible cognitive capacities
is a subset of the set of functions that are fixed-parameter tractable (FPT) for small parameters. The set
FPT includes the functions in P as special cases.

Figure 8: Illustration of the concept of parametric reduction: The functions G and H together constitute
a parametric reduction from k1-ψ1 to k2-ψ2 if and only if ψ1(i1) = H(ψ2(G(i1))) such that k2 = f(k1)
and both functions G and H are computable in fpt-time. In this case ψ1 is fixed-parameter tractable for
parameter k1 if ψ2 is fixed-parameter tractable for parameter k2.

Figure 9: The view of W[1] on the assumption that FPT 6= W[1]. W[1]-complete parameterized problems
are not in FPT if and only if FPT 6= W[1].
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Figure 10: Illustration of the relationship between classes W[1], FPT, P and NP. Because W[1] and FPT
are classes of parameterized problems we cannot compare them directly to the classes P and NP. Therefore
we define the class of all possible parameterizations of problems in P, denoted PAR(P), and the class of
all possible parameterizations of problems in NP, denoted PAR(NP). Since P ⊆ NP, we have PAR(P) ⊆
PAR(NP). Further, since every problem in P is in FPT for any parameter we have PAR(P) ⊆ FPT ⊆ W[1].

Figure 11: The figure compares quadratic polynomial-time O(n2) with fpt-time O(
√

2
k

+ n) for parameter
k = 8, 10, 12, and 14. Increasing the value of k causes the curve for fpt-time to translate upwards.
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Appendix A

A.1. The Intuitive Notion of a Computation

Informally, when we say a system computes an input/output function, ψ : I → O, we mean to say that the
system reliably transforms every i ∈ I into ψ(i) ∈ O in a way that can be described by an algorithm (In
the literature an algorithm is also sometimes referred to as mechanical procedure, effective procedure, or
computation procedure). An algorithm is a step-by-step finite procedure that can be performed, by a human
or machine, without the need for any insight, just by following the steps as specified by the algorithm. The
notion of an algorithm, so described, is an intuitive notion. Mathematicians and computer scientists have
pursued several formalizations (e.g. Church, 1936; Kleene, 1936; Post, 1936; Turing, 1936), all of which are
known to be extensionally equivalent. Probably the best-known formalization, in particular among cognitive
scientists and psychologists, is the one by Alan Turing (1936). One of the strengths of Turing’s formalization
is its intuitive appeal and its simplicity.

Turing motivated his formalization by considering a paradigmatic example of computation: The situation
in which a human sets out to compute a number using pen and paper (see Turing, 1936, pp. 249-252). Turing
argued that a human computer can be in at most a finite number of different “states of mind,” because if “we
admitted an infinity of states of mind, some of them will be ’arbitrarily close’ and will be confused” (p. 250).
Similarly, Turing argued a human computer can read and write only a finite number of different symbols,
because if “we were to allow an infinity of symbols, then there would be symbols different to an arbitrarily
small extent” (p. 249). On the other hand, Turing allowed for a potentially infinite paper resource. He
assumed that the paper is divided into squares (like an arithmetic note book) and that symbols are written
in these squares. With respect to the reading of symbols Turing wrote: “We may suppose that there is
a bound B on the number of symbols or squares that the computer can observe at one moment. If [s/he]
wishes to observe more [s/he] must use successive operations” (p. 250). This restriction was motivated by
the observation that for long lists of symbols we cannot tell them apart in ”one look.” Compare, for example,
the numbers 96785959943 and 96785959943. Are they the same or different?

According to Turing, the behavior of a human computer at any moment in time is completely determined
by his/her state of mind and the symbol(s) s/he is observing. The computer’s behavior can be understood
as a sequence of operations, with each operation “so elementary that it is not easy to imagine [it] further
divided” (p. 250). Turing distinguished the following two elementary operations:

(a) A possible change of a symbol on an observed square.
(b) A possible change in observed square.

Each operation is followed by a possible change in state of mind. With this characterization of computation
Turing could define a machine to do the work of a human computer. Fig. 12 illustrates this machine.

A.2. The Turing Machine Formalism

A Turing machine M is a machine that at any moment in time is in one of a finite number of machine states
(analogue to ”states of mind”). The set of possible machine states is denoted by Q = {q0, q1, q2, ..., qn}.
One machine state q0 is designated the initial state; this is the state that M is in at the beginning of the
computation. There is also a non-empty set H ⊂ Q of halting states; whenever the machine goes into a state
qi ∈ H then the machine halts and the computation is terminated.

The machine has a read/write head that gives it access to an external memory, represented by a one-
dimensional tape (analogue to the paper). The tape is divided in discrete regions called tape squares. Each
tape square may contain at most one symbol. The machine can move the read/write head from one square
to a different square, always moving the read/write head to the right or left at most one square at a time.
The read/write head is always positioned on one (and at most one) square, which it is said to scan. If a
square is scanned then the machine can read a symbol from and/or write a symbol to that square. At most
one symbol can be read and/or written at a time.

The set of possible symbols is denoted by S, and is called the alphabet of M . S is a finite set. Often it
is assumed that S = {0, 1, B}, where B is called the blank. Time is discrete for M and time instants are
ordered 0, 1, 2, .... At time 0 the machine is in its initial state qo, the read/write head is in a starting square,
and all squares contain Bs except for a finite sequence of adjacent squares, each containing either 1 or 0.
The sequence of 1s and 0s on the tape at time 0 is a called the input.
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The Turing machine can perform two types of basic operations:
(a’) it can write an element from S in the square it scans; and
(b’) it can shift the head one square left (L) or right (R).
After performing an operation of either type (a’) or (b’) the machine takes on a state in Q. At any

one time, which operation is performed and which state is entered is completely determined by the present
state of the machine and the symbol presently scanned. In other words, the behavior of a Turing Machine
can be understood as being governed by a function T that maps a subset of Q × S into Q × A, where
A = {0, 1, B, L,R} denotes the set of possible operations.

We call T the transition function of M . A transition T (p, s) = (a, q) is interpreted as follows: If p ∈ Q
is the current state and s ∈ S is the current scanned symbol, then the machine performs operation a ∈ A of
type (a’) or (b’), and the machine enters the state q ∈ Q. For example, T (p, 0) = (1, q) means that if M is
in state p and read symbol 0 then M is to write symbol 1 and go into state q; T (p, 1) = (L, q) means that
if M is in state p and read symbol 1 then M is to move its read/write head one square to the left and go
into state q. Note that Q,S, and A are finite sets. Thus we can also represent the transition function T as a
finite list of transitions. Such a list is often called the machine table and transitions are then called machine
instructions.

Under the governance of T the machine M performs a uniquely determined sequence of operations, which
may or may not terminate in a finite number of steps. If the machine does halt then the sequence of symbols
on the tape is called its output. A Turing machine is said to compute a function ψ : I → O if for every
possible input i ∈ I it outputs ψ(i). A function is called computable (or Turing-computable) if there exists
a Turing machine that computes it. Turing (1936) proved that there exist (infinitely many) problems that
are not computable. For example, he showed that the Halting problem is not computable. This decision
problem is formulated as follows:

Halting problem
Input: A Turing machine M and an input i for M .
Question: Does M halt on i?

A.3. Extensions of the Turing Machine Concept

The reader may wonder to what extent the particular limitations placed by Turing on his machine are crucial
for the limitations on computability. Therefore, a few notes should be made on the computational power of
the Turing machine with certain extensions. It has been shown that several seemingly powerful adjustments
to Turing’s machine do not increase its computational power (see e.g. Lewis & Papadimitriou, 1998, for an
overview). For example, the set of functions computable by the Turing machine described above is the same
as the set of functions computable by Turing machines with one or more of the following extensions:

1. Turing machines with multiple tapes and multiple read/write heads

2. Turing machines with any finite alphabets (i.e., not necessarily A = {0, 1, B})
3. Turing machines with random access: These are Turing machines that can access any square on the

tape in a single step.

4. Non-deterministic Turing machines: These are Turing machines that, instead of being governed by a
transition function, are governed by a transition relation, mapping some elements in Q×S to possibly
more than one element in A×Q. Such a non-deterministic machine is said to ”compute” a function ψ
if for every input i there exist one possible sequence of operations that, when performed, would lead
to output ψ(i).

It should be noted that machines of type (4) are not considered to really compute in the sense that Turing
meant to capture with his formalism. Namely, in non-deterministic machines not every step of the compu-
tation is uniquely determined and thus, a human wishing to follow the set of instructions defined by the
machine table would not be able to unambiguously determine how to proceed at each step. Even though
non-deterministic machines are purely theoretical constructs they do serve a special purpose in theories of
computational intractability (see Section 3). The extensions (1) – (3), on the other hand, are considered
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reasonable extensions. Throughout this paper, the term Turing machine can be taken to refer to Turing
machines both with and without such extensions.
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Figures to the Appendix

Figure 12: Illustration of a Turing machine. The tape extends left and right into infinity. Each square on
the tape contains a symbol in the set {1, 0, B}. The machine can read and write symbols with a read/write
head, and can be in a finite number of different machine states {q0, q1, q2, ..., qn}


